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Extended Summary

FORMULA SAE ELECTRIC: DESIGN OF A RESONANT CONVERTER FOR
A REGENERATIVE BRAKING SYSTEM APPLIED TO AN ULTRACAPS-
BASED STORAGE.

Abstract - The electric mobility can represent
the game changer technology for a long term sus-
tainability of the transportation sector. Pursuing
this objective, a model to simulate an electric ve-
hicle (EV) for Formula SAE electric competition is
created. All the systems of the EV and the hybrid
storage of Li-ion batteries and ultra-capacitors are
implemented. The kinetic energy of the regenerative
braking is differently accumulated inside the stor-
age systems through the Kinetic Energy Recovery
System (KERS).
A bidirectional DC-DC resonant converter, is ap-
plied to the KERS to manage the UC pack. The
topological states are theoretically analyzed. The
operational limits, keeping the soft-switching prop-
erties, are discussed and the results show the ca-
pability of the converter to operate under resonant
mode in both boost and buck mode. The drawback
is the presence of high current peaks in the resonant
inductor. The use of more than one converter in
interleaving and the adoption of a capability factor
ensure the proper operability of the system.

Key-words: resonant converter, ultra-caps, regenerative
braking, formula SAE electric, electric vehicle.

I. INTRODUCTION

Today, the awareness of environmental and climatic
problems is gaining its way into social and political life.
The challenge is to understand the complexity and to
find the tools to face the sustainability, affordability and
reliability problems of development [1]:
every human activity pays a cost in terms of environ-
mental impact: the whole transportation sector accounts
for the 20.44% of the global CO2 emissions accord-
ing to The World Bank [2] and to one fourth according
to IEA (International Energy Agency) emission statis-
tics [3].The rise of the global interest in this electric
challenge is pushing the traditional automotive industry
to develop the required technology. It is in this scenario
that in 2013 borned, from the well known SAE Interna-
tional, the Formula SAE Electric.
The competition is made by static tests such as presen-
tation, cost and design as well as by dynamic tests that
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are acceleration, skip pad, autocross, efficiency and en-
durance.
This work presents the sizing and simulation phase. The
main topics are:

• create a model of the whole vehicle linking to-
gether all the mechanical, electrical, traction,
braking and storage systems (chap.2);

• deepen the efforts in the study of a resonant con-
verter applied to the KERS to manage the energy
stored in the ultracaps (UC) pack.

The limits of the resonant converter technology ( high
efficiency converters [12] [13]) to exploit the peculiar-
ities of the UC are investigated. Once that the opera-
tional frontiers are set, the resonant converter configu-
ration is adapted to the EV project considering all the
converter, inverter and UC pack constraints. Then, ac-
cording to that foundings, a capability factor and an
interleaved solution is studied in order to ensure the
proper operability of the system.

II. ELECTRIC VEHICLE MODEL
The main objective of the model is to compute, at each
time step (4t), the Power, the Voltage and the Current
at the KERS output in order to correctly project and size
the power converter.
The electrical connections [12] are supposed to be as in
Fig.(1).

Figure 1: Concept scheme

Then, to organize the model, one "block" for each
sub-system of the vehicle is created.
Starting from a given speed profile, the "pilot" block
controls the acceleration deceleration sending signal to
the motor / braking system. Through the "mechani-
cal drivetrain" block, it arrives to the "dynamics" block
where the driving variable such as acceleration (a),
speed (v) and position (x) are computed. When brak-
ing is needed to slow down the EV, the signal makes the

"braking system" block calculate the available regener-
ative energy.

Model Implementation

The model is implemented using power equations [6]
[8] to relate the subsystems and regulate the driving
simulation.
Drive Cycle block
The block produces a speed profile, as used in many
automotive applications. It outputs displacement, ve-
locity and acceleration, all in SI units. The drive-cycle
chosen for the simulation is the ”WLTP class3”, re-
ported in Fig.(2), because of the fast variability of the
speed which is ideal to simulate the prototype.

Figure 2: Input speed profile

"Pilot" block
In the following graph (3), the action taken by the "pi-
lot" is shown. A PID controller compares the input
speed generated by the block above with the actual
speed of the vehicle and releases an acceleration/ brak-
ing signal proportional to the relative difference of the
inputs.

Figure 3: Acceleration/deceleration signal intensity

Motor block
This "motor" block uses the speed of the vehicle to de-
liver the allowed torque τmot to the mechanical drive-
train block.
Braking block
The block takes the braking signal, compares it with the
maximum regenerative torque (τregmax) and computes:

• The allowed regenerative braking torque (τreg);
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• The additional friction braking (τfriction) re-
quired to properly slow down the vehicle.

Mechanical drivetrain block
This block collects the inputs from the motor, braking
and "pilot" blocks and computes the power available for
the traction.
The net torque to the motor is computed as:

τmotnet = τmot − τfriction − τregbraking (1)

In Fig.(4) reported below, the different components of
the torque at the vehicle shaft for direct ( motor traction)
and reverse operations ( braking phase) are displayed:

Figure 4: Net tourque components

Dynamics block
The power balance equation of the vehicle is imple-
mented.
The angular acceleration ( ˙ωm), the angular speed (ωm)
as well as the linear acceleration (a), the linear speed
(v) and the position (x) per each time step are com-
puted [6] [8]. The analysis is theoretically based and
implemented in 2D. The objective is to obtain the mo-
tion equation.
The study starts from the power balance of the EV:

Pmotor + Presistant + Plosses = 0 (2)

So:
Pmotor = τm · ωm − Jm ˙ωm · ωm

Presistant = −Mgsin(α) · v − τres · ωw

−
1

2
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3 − J∗
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(3)

The inertial terms can be obtained looking for the first
order derivative of the kinetics energy for both motor
and user side:
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The relation v = ωwRw = Rw · tr · ωm is used to find
the motor angular speed. The second power eq.(3) can
be better represented by substituting the following rela-
tions:

τres = N4wfdRw N4w =Mgcos(α) (4)

The third power eq.(3) represents the power losses of
the system. By substituting eq.(4) into eq.(3) and finally
in eq.(2), the equation of motion is found:

η(τm − Jm ˙ωm)ωm =

Mg[fdcos(α) + sen(α)]Rw · tr · ωm

+1/2ρairSfrontalCDω
3
mR

3
wtr

3

+J∗
r ˙ωmωmtr

2

(5)

The term before the equal represents the power at the
motor side discounted by the motor inertia. The terms
after the equal show respectively:
• Rolling and grading resistance;

• Aerodynamic drag;

• Inertial resistance.

So, from the eq.(5), the angular acceleration is found as
well as the linear speed as shown in Fig.(5) with respect
to the drive-cycle speed:

Figure 5: Vehicle speed profile vs drive-cycle speed

Inverter and Storage Management block
The block receives the required power as input. It com-
putes the power at the inverter DC side through:

Pinv = ηinvPmotor (6)

Dividing this value for the voltage of the battery pack
(VBP ), the total required current (Itot) is found. At
this point, depending on the direct or reverse operation,
an output signal is created to control the KERS. The
current required from/delivered to the battery pack is
calculated as the total current (Itot) discounted by the
KERS current (IKERS).
Going through the inverter analysis, the voltage and cur-
rent at the DC side are expressed as:

VinvDC
=

2
√
2

√
3

VmotNOM

Mi

IinvDC
=

Pmot

VinvDC

ηinv (7)

III



Battery Pack block
This block receives the current (IBP ) as input , it com-
putes the State of Charge (SOC) and the respective
voltage (VBP ) per each time step (4t). It presents also
a backstop function for the model below a certain level
of SOC or VBP , due to operational limit and technol-
ogy durability. The implementation of the single cell is
performed with a physical based approach. Assuming
all the needed hypothesis [9], the Butler-Volmer equa-
tion, that correlate the current with the positive and the
negative metal potential (φ = E+η), can be written for
the anode (negative electrode), for the cathode (positive
electrode) and for the electrolyte:

i = nsF

koavoo exp

βoF (E + η)

RT −kravrr exp

−βrF (E + η)

RT

 (8)

The overall cell voltage Vcell can be now written as:

Vcell = E+ + η+ − E− − η− − ηel (9)

The BP works as the main storage source of the vehicle.
The lay-out is derived from the voltage (Vinv) and from
current (Iinv) requirements at the inverted DC side.
The number of cells in series (ns) and the number of
strings in parallel (n//) are defined as:

ns =
Vinv
Vcell

n// =
Itot

IcellNOM

(10)

Figure 6: Battery pack current; SOC; battery pack volt-
age

The three main parameters for the analysis of the
BP operation current, voltage and SOC are reported in
the Fig.(6).

KERS block
This block receives the input signal from the inverter
and storage management block. The output is the
KERS current (IKERS), which depends on the state of
charge of the UC pack (SOCUC) and the respective al-
lowable charge and discharge current (IUC). A relevant
influencing factor on the output current is the power ca-
pability of the resonant converter (k), that will be dis-
cussed later.
The objective of this additional system is to use the UC
peculiarities of high current capability, thermal stabil-
ity, long ELD (Estimated Life Duration) and very fast
behavior in both charge and discharge, to help the BP
in the most critical driving phases.
Then, the UC pack is sized as already done for the BP.
In Fig.(7) the relevant parameters of the KERS opera-
tion are displayed.

Figure 7: KERS current; KERS voltage; regeneration
signal

As shown in the first graph, the current capability
decreases proportionally to the voltage drop during dis-
charge. In the second graph, the voltage behavior of
UC pack is represented. The discharge voltage is lim-
ited by VUCpackMIN

. When the voltage of the UC pack
reaches the minimum value, the KERS stops to operate.
In the last graph, the signal that control the regeneration
during braking is displayed (1 on; 0 off).

III. KERS CONVERTER
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The conception of the resonant converter comes from
[12], [13] and [27]. This kind of converter is taken into
analysis for this EV application mainly because of:

• high efficiency also at high switching frequency
[23];

• feasible compactness and scalability [23].

By reducing the size of the passive components (such
as inductors, capacitors as well as the heat sink for the
semiconductor components), higher power density can
be achieved. An effective way to do that is to increase
the switching frequency. However, conventional PWM
converters process power by interrupting the power flow
by means of hard switching and thus they suffer from
high switching losses [14].This loss is absent in reso-
nant converters. [15]
They contain resonant inductor-capacitor (L − C) net-
works, also defined resonant-tank. In each switching
cycle, the voltage and current waveforms vary sinu-
soidally in one or more sub-intervals [24] (topological
steps). The commutation of the switches can be with
zero-voltage switching (ZV S) or zero current switch-
ing (ZCS). In this case, the ZCS commutation is used.
The resonant converter Fig.(3.6) is made bi-directional
through the addition of two other switches and diodes
to the boost configuration reported in [23].

Figure 8: Resonant buck-boost converter

Topology

The operation topology in boost [13] [27] and buck
modes as well as the characteristics of the chosen con-
verter for the EV application are analyzed [20] [23].
Boost analysis

For the boost operation mode, the control signal of the
two switches S3 and S4 is made of a complementary
square-wave with 50% duty cycle while the switches

S1 and S2 remain open.The two switches turn on com-
plementary for half of the switching cycle and in each
half there are three stages related to the resonant tank
behavior. The operation stages of a switching cycle are
illustrated in Fig.(9):

(a) Stage 1 (boost) (b) Stage 2 (boost)

(c) Stage 3 (boost) (d) Stage 4 (boost)

Figure 9: Representation of the topological stages

Stage 1 [t0, t1]

At t0, S3 turns off and S4 turns on; D1 is forward bi-
ased. During this stage, the resonant capacitor Cr is
charged by the source as long as it reaches the voltage
level in output Vout. Due to the resonance, the current
through the resonant inductor Lr increases sinusoidally
from 0 to a certain value, which is supposed to be I1.
This stage can be described by the following two equa-
tions:


Vin = Lr

diLr

d t
+ vCr(t)

iLr(t) = Cr
dvCr(t)

d t

(11)

Assuming the initial conditions for this stage:

vCr(t0) = 0

iLr(t0) = 0

(12)

Applying the Laplace transformation [10], the follow-
ing equation can be obtained:


Vi

s
= sLrILr(s) + VCr

ILr(s) = sCrVCr(s)

(13)

And solving:

ILr(s) =

Cr

s2LrCr + 1
Vin

VCr(s) =
Vin/s

1 + s2LrCr

(14)

Now, considering the resonant angular frequency and
the resonant impedance:

ω0 =
1√
LrCr

Zr =

√
Lr

Cr
(15)
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Substituting and applying the inverse Laplace transfor-
mation [10]:


iLr(t) =

sin(ω0t)

ω0

Vin

Lr

vCr(t) = Vin[1− cos(ω0t)]

(16)

Defining the following parameters:

iLr(t) =
iLr(t)

Vin/Zr
vCr(t) =

vCr(t)

Vin
(17)

And applying the parameterized inductor current and
capacitor voltage:


iLr(t) = sin(ω0t)

vCr(t) = 1− cos(ω0t)

(18)

The voltage gain of the converter is Gboost =
V0
Vi

.

At the end of this stage t1, the following equation can
be derived:

iLr(t1) = I1

vCr(t) = 1− cos(ω0t)

(19)

Where: I1 =
I1

Vin/Zr
.

It is already known that at t1 the resonant capacitor
Cr is charged untill the output voltage Vout, therefore
vCr(t1) = Vout and this imply vCr(t1) = Gboost. The
duration of the first stage can be calculated as:

ω04t10 = π − arcos(Gboost − 1) (20)

Where 4t10 = t1 − t0. It is also possible to define a
vector z in the state-plane as:

z = vCr(t) + jiLr (21)

In conclusion the first stage can be described by the fol-
lowing vector:

z = 1− cos(ω0t) + jsin(ω0t) (22)

Stage 2 [t1, t2]

At t1, S4 is on and S3 is off. The resonant capaci-
tor voltage VCr is equal to the output voltage Vout, the
diode D1 turns on. So, in this stage VCr is clamped as
Vout, while the current through the inductor iLr drops
linearly to zero, since the output voltage is higher than
the input voltage. By mathematical calculation, this
leads to a negative voltage across Lr. The state plane
vector:

z2 = G+ [I1 − (G− 1)ω0(t− t1)] (23)

The duration of this stage can be calculated as follow:

ω04t21 =
I1

G− 1
(24)

Stage 3 [t2, t3]

At t2, S4 is on and S3 is off. As the current becomes 0 at
the end of the second stage, D2 is reverse biased. There
is no more current through Lr, and the voltage across
Cr remains at Vout as in Stage 2. At this stage, no cur-
rent is circulating in the circuit. The stage ends at half
of the whole switching cycle, which means ω0t = π.
So:

ω04t32 = π − ω04t21 − ω04t10 z3 = G (25)

Stage 4 [t3, t4]

At t3, the switch S3 turns on and S4 turns off. At this
stage, D1 is forward biased while D2 is reverse bi-
ased. The resonant capacitor is discharged, so the volt-
age across it drops from Vout to 0. At the same time, the
current through the inductor increases from 0 to I1. The
operation of the converter is similar to the first stage.
The duration is equal to the first stage:

ω04t43 = π − arcos(G− 1) (26)

The vector in state-plane of this stage is:

z4 = G− 1− cos(ω0t)− jsin(ω0t) (27)

Stage 5 [t4, t5]

The operation of the converter in this stage is quite sim-
ilar to the stage 2. The difference is that the resonant
capacitor voltage keeps at zero. The duration and the
state vector are :

ω04t54 =
I1

G− 1
z5 = [I1−(G−1)ω0(t−t4)] (28)

Stage 6 [t5, t6]

At the end of stage 5, the current decrease until 0 and
there is no voltage across the resonant capacitor. Thus,
there is no current through Lr and no voltage acrossCr.
Therefor:

ω04t65 = π−ω04t43−ω04t54 z6 = 0 (29)

Summary of the boost switching behavior

The main waveforms of voltages and currents of the
components are shown in Fig.10. The resonant capaci-
tor VCr is charged to Vout and then clamped at this value
during the first half switching cycle. Then, in the sec-
ond half switching cycle, the resonant capacitor is dis-
charged to zero. The frequency of the current through
the resonant inductor iLr is twice the switching fre-
quency. The average value of the current through diodes
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is dependent on the switching frequency, then the out-
put voltage can be regulated by the ratio between the
switching frequency and the resonant frequency (µ0).

Figure 10: Boost simulation

Buck analysis

Due to the analysed modulation strategy, in the buck op-
eration mode, the control signal of the two switches S1
and S2 is made of a complementary square-wave with
50% duty cycle while the switches S3 and S4 are off.
The two active switches turn on complementary and
each half presents three stages. The following analy-
sis is performed in the same way of the boost one.

(a) Stage 1 (buxk) (b) Stage 2 (buck)

(c) Stage 3 (buck) (d) Stage 4 (buck)

Figure 11: Representation of the topological stages

Stage 1 [t0, t1]

In this operation mode, at t0, S1 turns on and S2 turns
off, diode D3 is forward biased. During this stage, the
resonant capacitor Cr is charged by the source to the
voltage level of the output voltage Vout. Due to the res-

onance, the current through the resonant inductor Lr

increases sinusoidally from 0 to a certain value, defined
I1. The duration is:

ω04t10 = π − arcos( Gbuck

GBuck − 1
) (30)

The state plane vector is:

z1 = (Gbuck−1)[1−cos(ω0t)]+(G−1)sen(ω0t) (31)

Stage 2 [t1, t2]

At t1, the switch S1 is on and S2 is off. The resonant ca-
pacitor voltage vCr is equal to the output voltage Vout,
the diodes D3 and D4 are forward biased. So in this
stage vCr is clamped as Vout, while the current through
the inductor iLr decrease linearly to zero, since the out-
put voltage is higher than the input voltage. This leads
to a negative voltage across Lr. The duration is deter-
mined by ILr(t2) = 0, so:

ω04t21 = I1 z2 =
1

Gbuck
+[I1−ω0(t−t1)] (32)

Stage 3 [t2, t3]

At t2, the switch S1 is on and S2 is off. As the current
becomes 0 at the end of the second stage, the diodes are
reverse biased, so there is no current through Lr. The
voltage across Cr remains as in stage 2. In this stage,
no current is circulating in the circuit. So:

ω04t32 = π−ω04t21−ω04t10 z3 =
1

Gbuck
(33)

Stage 4 [t3, t4]

In this stage, at time t3 the switch S2 turns on and S1
turns off. The diode D4 is forward biased while D3 is
reverse biased. The resonant capacitor is discharged, so
the voltage across it drops from Vout to 0. At the same
time, the current through the inductor increases from 0
to I1 again. The operation of the converter is similar the
first stage. It lasts:

ω04t43 = π − arcos( Gbuck

GBuck − 1
) (34)

And vector:

z4 = 1 + cos(ω0t)− ı
sen(ω0t)

Gbuck
(35)

Stage 5 [t4, t5]

At t4, the switch S1 is off and S2 is on. The stage 5 be-
haves exactly as the second stage, except for the initial
conditions. The diodes are conducting. The resonant
inductor is linearly discharging until 0; at this point, the
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diodesD3 andD4 are reverse biased and the stage ends.
Duration and the state plane vector are:

ω04t54 = I1 z5 = [I1 − ω0(t− t4)] (36)

Stage 6 [t5, t6]

At t5, the switch S1 is off and S2 is on. The current in
the resonant inductor is 0 and there is no voltage across
the resonant capacitor. Thus, in this last stage there is
no current through Lr and no voltage across Cr. The
end of this last stage is the end of the whole switching
cycle. So:

ω04t65 = π−ω04t54−ω04t43 z6 = 0 (37)

Summary of the buck switching behavior

As before, the waveforms of the voltage and current are
plotted according to the switching signal. The results
are shown in Fig.(12). Neither in this operation mode,
at turn-on and turn-off, the voltage and current wave-
forms of the switches have no overlap, this means there
is no switching loss. The soft switching properties are
maintained. Thus, this converter is soft-switching.
The behavior of the resonant tank is exactly the same of
the boost analysis.

Figure 12: Buck simulation

Parameterized analysis

Output current and power
The average output current ioutAV G can be calculated
[26] as the sum of the integral of the current function of
the topological time steps4t12,4t34 and4t45:

ioutAV G =
1

Ts
[

∫ t2

t1

iLr(t)dt +

∫ t4

t3

iLr(t)dt +

∫ t5

t4

iLr(t)dt] (38)

the final equation of the parameterized average output
current ioutAV E is found:

ioutAV G =
µ0

2π

Gboost

(Gboost − 1)
(39)

This equation is represented in the following Fig.(13)
in order to see the dependency of ioutAV G on the fre-
quency ratio µ0 and the gain Gboost:

Figure 13: Output current dependency on frequency ra-
tio and gain

It shows the tendency of reducing the output cur-
rent while increasing the gain for a certain µ0 value.
The output power is consequently:

PoutAV G =
µ0

2π

Gboost2

(Gboost− 1)
(40)

Boost gain

The boost gain is limited to the range:

1 < Gboost < 2 (41)

Using the resonant impedance Zr to parameterize the
output resistance (Rout), the following ratio can be
found:

rout =
Rout

Zr
(42)

So:

G =
µ0

2π
rout + 1 (43)

In addition to this, in order to keep the soft switch-
ing properties of this converter, the switching fre-
quency should not exceed the resonant frequency,
which means: 0 < µ0 < 1
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Figure 14: Dependency of the output parameterized re-
sistance rout on frequency ratio and gain

From the Fig.(14) is clear that, in order to reach the
maximum gain G = 2, rout should be greater than 2π.
Input current
As for the boost, the average input current iinAV G can
be calculated as the sum of the integral of the current
function in the topological time steps4t10,4t21,4t43
and4t54:

iinAV G =
1

Ts
[

∫ t1

t0

iLr(t)dt+

∫ t2

t1

iLr(t)dt+

∫ t4

t3

iLr(t)dt+

∫ t5

t4

iLr(t)dt]

(44)

The final equation is found:

iinAV G =
µ0

2π

1

Gbuck
(45)

The Fig.(15) shows the dependency of iinAV G on the
frequency ratio µ0 and the gain Gbuck:

Figure 15: Input current dependency on frequency ra-
tio and gain

Buck voltage gain

The buck gain range is:

0 < Gbuck < 0.5 (46)

As for the boost, considering the input voltage approxi-
mately constant, a constant load resistanceRin, review-
ing the equation of the average input current eq.(45) and

defining rin =
Rin

Zr
, the gain of the buck modulation

is:

Gbuck =

√
rin

µ0
2π

(47)

Considering, for the same reason as before, the maxi-
mum switching frequency equal to the resonant one, it
results on: 0 < µ0 < 1

Figure 16: Dependency of the input parameterized re-
sistance rin on frequency ratio and gain

Clearly from the Fig.(16), in order to reach the max-
imum gain Gbuck = 0.5, the minimum value of rin is
1.5.

Design Methodology

The design process of the converter followed this main
steps:

1. Definition of the optimal gain range for both boost
and buck operations;

2. Identification, through the parameterized analysis,
of the optimal value for the parameterized load r0;

3. Set the maximum admittable peak current (Ipeak)
in the resonant inductor, switches and diodes;

4. Choice of the switching technology for the re-
quired resonant frequency f0;

5. Check the UC pack current capability over all the
charge / discharge operations.

As already discussed, in order to keep the soft switch-
ing properties the maximum possible gain for the boost
operation mode is 1 < G(boost) < 2 and for the buck
operation mode is 0 < G(buck) < 0.5.
So, a minimum UC pack voltage has to be set and this
limits the buck resonant operation. Therefore, the opti-
mization procedure is performed based on boost mode.
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It means keeping as objective: rout > 2π. The resonant
frequency f0 is set based on the choice of the switches
technology. Then, defining the nominal voltage for the

UC pack
VUCpack

Gboost
, where the Gboost = 2, and consid-

ering the resonant frequency f0 =
1

2πω0
, the resonant

impedance Zr =

√
Lr

Cr
and the resonant angular fre-

quency µ0, it is possible to define:

Lr =
Zr

2πf0
Cr =

1

2πZrf0
(48)

The switching frequency for the boost operation mode
is selected using (39) and (43) as:

fsboost =
G− 1

RoutCr
(49)

Instead, the switching frequency for the buck operation
mode is defined using (45) and (47):

fsbuck =
G2

buck

RUCpackCr
(50)

Where RUCpack is the UC pack equivalent resistance.
Keeping under control all the component and the
project constraints already mentioned, the most strin-
gent requirement for this application is derived:

IpeakLr >
2πVinv
Rout

(51)

Since Vinv should be approximately constant during op-

eration and Rout =
V 2
inv

Pinv
, is very low, the minimum

possible value for IpeakLr is very high. Moreover, it
leads to a not allowed current to the input of the UC
pack.
In order to solve the problem the decision is to act fol-
lowing simultaneously two paths:

1. Reduce the power capability of the converter;
A capability factor k is defined setting the max-
imum gain of the converter Gboost = 2 and the
maximum input current at the UC pack IUCpack =
Imax:

k =
IUCpack

VUCpack

Gboost

Pinv
(52)

So the capability of the system PKERS is defined
by:

PKERS = kPinv (53)

2. Use more than one converter in interleaving mode
[21] [22];
Assuming a reasonable number of converter
(nresconv = 2), the power capability of each one
becomes:

Presconv
= k

Pinv

nresconv

(54)

This choice can halve the power capability of each
converter, so the current too, while increasing the
current peak to the UC pack of just a

√
2 factor.

The resulting peak current in the UC pack is:

IUCpackpeak
=
√
2IpeakLr

(55)

Combining these two effects (eq.52; eq.54; eq.55), it is
possible to find the whole system capability value (k)
that makes each resonant converter respect all the con-
straints:

k =
IUCpackmaxV

2
invnresconve

2π
√
2VUCpackPinv

(56)

The working limits of buck operation in current, gain
and switching frequency are graphically displayed in
the Fig.(3.24) reported below:

Figure 17: Current/ Gain/ switching frequency limits
in buck opertions

Outside the boost and buck resonant areas, a change
in modulation strategy from resonant to a conventional
PWM operation is required (hybrid modulation).

Resonant Converter Simulation Results

In Fig.(10) the voltage and current values of the reso-
nant tank, of one diode and one switch are reported.
In the first one, the ability of the converter to reach Vout
and the stability of the solution at nominal operation of
Gboost = 2 is reported. In the second one, the current
through the resonant inductor and the voltage across
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the resonant capacitor are shown. The third and the
forth displays the current and voltage behavior through
respectively the diodeD1 and the switch S3. It is impor-
tant to underline that there isn’t overlapping of voltage
and current for all the switching cycle operations. This
means that in this ideal simulation the switching losses
are null and that the soft switching properties of the
resonant converter are kept.
Instead, Fig.(12) shows the buck simulation results.
The simulation is performed at the maximum resonant
gain Gbuck = 0.3. As expected by theoretical limi-
tations, the charge and discharge time of the resonant
inductor is equal to the semi-period. This confirms the
limitations of the resonant operations. As for the boost
simulation, in the third graph there is no overlapping of
voltage and current in the switches, this means that the
soft switching properties are kept also in buck operation
mode.

IV. CONCLUSIONS
At the end of this work, the project of the EV to compete
in the FSAE electric is still in the preliminary phases.
The requirements about the storage, the motor and the
current / voltage parameters have been defined. The
construction of the prototype, based on the results of
this thesis and others research regarding the vehicle me-
chanical structure, is scheduled for the months ahead.
The first tests of the vehicle are expected within the end
of this year.

The performed analysis shows that the vehicle is able to
accomplish to the requirements of the dynamical tests
of the Formula SAE electric. The simulation clearly

confirms the correct sizing of the storage system with a
good safety margin for the real operation in witch the
prototype could exploit all the motor power. As ex-
pected, the Li-ion cells charge and discharge according
to the theoretical implementation, respecting the cur-
rent and voltage operational constraints on the inverter
DC side. Instead, the KERS operation is strongly in-
fluenced by the state of charge of the UC pack that is
disconnected under a certain voltage value to ensure a
proper operability of the whole system.

For what concerns the studying and sizing of the res-
onant converter, the theoretical analysis displays the
full capability of the resonant converter to operate un-
der soft-switching properties in both directions. Then,
the limitations due to the high current EV application,
pushed the analysis to correctly sizing it. The inter-
leaved solution, combined with the introduction of the
capability factor, gets the result of reducing both the
peak current in the resonant inductor and the input cur-
rent to the UC pack. The findings suggest that the as-
sumptions of compactness and low weight of the con-
verter can be achieved and that the UC can co-work
with the BP. Nonetheless, the converter is not able to
fully exploit the peculiarity of fast charge / discharge
of the UC. Anyway, the ultra-caps technology imple-
mented in the model remains an interesting asset to get
the maximum advantage from the regenerative braking.
For this reason the study of other converters technology
is surely interesting for combined Li-ion and ultra-caps
EV as well as the research of the best number of these
resonant converter in a volume, weight, cost and capa-
bility optimization problem .
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Abstract

IN this work, a model to simulate an electric vehicle for Formula SAE electric
competition is built. The electric motor, the vehicle dynamics, the braking sys-
tem and the hybrid storage system of Li-ion batteries and ultra-capacitors are

implemented. The energy of the regenerative braking is differently stored in the
Battery Pack (BP) and in the Ultra-Caps (UC) pack through the Kinetic Energy Re-
covery System (KERS). The model provides all the current and voltage variables
needed to describe the functioning of the electrical part. Thanks to the simulation
results, the prototype proves to be able to accomplish the race tests.
Then, a bidirectional DC-DC resonant converter, applied to the UC pack managing,
is studied and the topology states of the chosen configuration are theoretically ana-
lyzed. The operational limits, keeping the soft-switching properties, are discussed
and the results show the capability of the designed converter to operate under res-
onant mode in both boost and buck mode. The switching losses are significantly
reduced at high and low switching frequency. The drawback of this configuration is
the presence of high current peaks in the resonant inductor that influence the power
manageable by the converter. The use of more than one converter in interleaving
and the insertion of a capability factor ensure the proper operability of the system.

Key-words: resonant converter, ultra-caps, regenerative braking, formula SAE
electric, electric vehicle.
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Contents

IN questo lavoro, é stato costruito un modello per la simulazione di un veicolo
elettrico per competere nella Formula SAE elettrica. Sono stati implementati
il motore elettrico, la dinamica del veicolo, l’impianto frenante e il sistema di

stoccaggio ibrido delle batterie agli ioni di litio e degli ultra-condensatori. L’ener-
gia rigenerativa della frenata é immagazzinata differenzialmente nel pacco batteria
e negli ultra-capacitori (UC) attraverso il Kinetic Energy Recovery System (KERS).
Il modello fornisce tutte le variabili di corrente e tensione del veicolo. Grazie ai ri-
sultati della simulazione, il prototipo dimostra di essere in grado di eseguire i test
di gara.
Di seguito, é stato studiato un convertitore risonante bidirezionale DC-DC, applica-
to alla gestione del pacco UC, e ne sono stati analizzati gli stati topologici. Vengono
discussi i limiti operativi, mantenendo le proprietá di "soft-switching" e i risultati
mostrano che il convertitore é in grado di operare come da progetto sia in modalitá
boost che in modalitá buck. Le perdite di commutazione sono significativamente
ridotte sia ad alta frequenza che in bassa. Lo svantaggio di questa configurazione é
la presenza di elevati picchi di corrente nell’induttore di risonanza che influenzano
la potenza gestibile dal convertitore. L’uso di piú di un convertitore in interleaving e
l’inserimento di un "capacity factor" garantiscono la corretta operativitá del sistema.

Parole chiave: convertitore risonante, ultra-caps, frenata rigenerativa, formula
SAE elettrica, veicolo elettrico.
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CHAPTER1
Introduction

Nowadays, the awareness of environmental and climatic problems is gaining its
way into social and political life. The scientific community and the educational
institutions are working to provide answers to the growing concerns about human
life impact on the planet.
In this optic, the Master Programme In Energy for Development would like to give
the knowledge to understand the complexity and the tools to face the sustainability,
affordability and reliability problems of development [1].
Every human activity plays a role over the environmental impact: the emissions of
the traditional transportation systems, based on internal combustion engine, are a
part of the climate problem. The whole sector accounts for the 20.44% of the global
CO2 emissions according to The World Bank [2] and to one fourth according to
IEA (International Energy Agency) emission statistics [3].
The electric traction can represent the game changer technology for a long term
sustainability of the transportation sector.
The rise of the global interest in this electric challenge is pushing the traditional
automotive industry to develop the required technology. Also the European car-
makers are now obligated to deal with American primacy company (Tesla) and
south-Asia technology leadership in electric storage systems.
In this actual scenario of growing competition around electric mobility, also the
educational institutions all over the word are forced to provide their students with
new tools to properly face this technological change: it is in this condition that in
2010 borned, from the well known SAE International, the Formula SAE Electric.
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1.1. Formula SAE

1.1 Formula SAE

The Formula SAE (FSAE) was developed in 1981 as student automotive compe-
tition at University of Texas and then:"Internationally, the expansion of Formula
SAE/Formula Student has exploded to over 20 competitions currently hosted by en-
gineering societies or private business.

The Formula SAE program is an engineering design competition for undergrad-
uate and graduate students. The competition provides participants with the op-
portunity to enhance their engineering design and project management skills by
applying learned classroom theories in a challenging competition. The engineer-
ing design goal for teams is to develop and construct a single-seat racecar for the
non-professional weekend autocross racer with the best overall package of design,
construction, performance and cost. The concept behind Formula SAE is that a
fictional manufacturing company has contracted a design team to develop a small
Formula-style racecar. The prototype racecar is to be evaluated for its potential as a
production item. The target marketing group for the racecar is the non-professional
weekend autocross racer. Each student team designs, builds and tests a prototype
based on a series of rules whose purpose is both to ensure onsite event operations
and promote clever problem solving. The vehicle will be inspected in a series of
tests to ensure it complies with the competition rules; in addition, the vehicle with
driver will be judged in many performance tests on track. The rest of the judging is
completed by experts from motorsports, automotive, aerospace and supplier indus-
tries on student design, cost and sales presentations.

Formula SAE promotes careers and excellence in engineering as it encompasses
all aspects of the automotive industry including research, design, manufacturing,
testing, developing, marketing, management and finances." [4]

The SAE international is hold by a foundation with the mission of "encourage
and increase student achievement and participation in science, technology, engi-
neering and math (STEM) to build a STEM-fluent workforce. Funds raised by the
SAE Foundation support SAE International’s award-winning: A World In Motion
(AWIM) program, Collegiate Design SeriesTM (CDS), awards and scholarships.
SAE’s STEM education programs enable students to develop the 21st century skills
needed to succeed in real-world work environments and connect classroom learning
with real life application. Overall, SAE’s STEM programs have reached more than
5 million students worldwide and engaged more than 30.000 STEM industry pro-
fessionals as volunteers. SAE International is a global association engaging nearly
200.000 engineers, technical experts and volunteers to advance mobility knowledge
and solutions for the benefit of humanity."

The organization plans several events in lots of locations all over the world. These
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1.2. Formula SAE electric

competitions are managed by the local FSAE and among the most relevant there
are: Formula SAE Michigan, Formula Student, Formula Lincoln e FSAE electric,
FSAE student Austria, FSAE Australia, FSAE student Germany, FSAE Italy, FSAE
Japan and FSAE Brazil. In addition to the electric competitions, also hybrid events
are occasionally hold together with the classical ones.

1.2 Formula SAE electric

The first electric event was hold by the Formula SAE student Germany in 2010 and
from there it spread in the Italian, spanish and Brazilian organization in 2012 and
then in 2013 it arrived in the FSAE Lincoln that is actually the most important in
terms of partecipation. Every year the applications for FSAE grows and the perfor-
mance of the participant teams improves. The Formula SAE Electric pursues the
same objectives of the traditional FSAE but focusing on a full electric vehicle. The
requirements and constraints of the EV for the contest are yearly updated on the
SAE International website [4].
The competition is composed of several tests and to each of them a score is as-
signed. The winner team is defined according to the total score.
The examinations are divided in two groups: the static and the dynamic ones. Com-
monly, the first to be performed in the first day of competition are the static tests:

1. Presentation
"The Presentation Event evaluates the team’s ability to develop and deliver
a comprehensive business, logistical, production, or technical case that will
convince outside interests to invest in the team’s concept."
The score varies between 0 and 75;

2. Cost
"Cost and Manufacturing are an integral part of any engineering project.
Making trade-off decisions between content and cost based on the perfor-
mance of each part and assembly and accounting for each part and process
to stay within a budget is part of project management."
The score varies between 0 and 100;

3. Design
"The Design Event evaluates the engineering effort that went into the vehicle
and how the engineering meets the intent of the market both in terms of vehicle
performance and overall value."
The score varies between 0 and 150;

than, during the second and third day of competition, the dynamic tests are faced:

1. Acceleration
"The Acceleration event evaluates the vehicle acceleration in a straight line
on flat pavement."
The race length is 75 m from starting line to finish line. Each team has four
possible attempts and only the best performance is taken into account. The
record belongs to the Massachusetts Inst of Technology that completed the
test in 4.121 sec in the Lincoln circuit in 2018. The associated score varies
between 0 and 100;
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1.2. Formula SAE electric

2. Skid Pad
"The Skidpad event measures the vehicle cornering ability on a flat surface
while making a constant radius turn."

Figure 1.1: Skip Pad layout

The course is a pair of concentric circles in shape of the number 8 as in the
figure above. Hitting a cone is a penalty. The record of 5.274 sec (of cor-
rected time according to the regulation [4]) belongs to Purdue University - W.
Lafayette that scored it in the same occasion of the one above ( Lincoln 2018).
A score from 0 to 75 is associated to this event;

3. Autocross
"The Autocross event evaluates the vehicle maneuverability and handling qual-
ities on a tight course"
The objective is to evaluate the car’s on a tight course without the hindrance
of competing cars. The course combines the performance features of accel-
eration, braking and cornering into one event. The results of the Autocross
scores determine the starting order for endurance. The score is calculated ac-
cording to the rules [4] and the record belongs again to Massachusetts Inst
of Technology that scored it in the Lincoln circuit in 2018 with the equivalent
time of 59.813 sec. A score from 0 to 125 is associated to this event;

4. Endurance
"The Endurance event evaluates the overall performance of the vehicle and
tests the durability and reliability."
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It consists of multiple laps over a closed course to a total distance of approx-
imately 22 km. Acceleration, speed, handling, dynamics, fuel efficiency and
reliability have to be proved. The winner of the last Lincoln edition is the
University of Washington with the time of 1732.903 sec. The associated score
is the most relevant one and it can go from 0 to 275;

5. Efficiency
"The Efficiency event evaluates the fuel / energy used to complete the En-
durance event"
The Efficiency is based on a metric of the amount of consumed fuel or used
energy and the lap time on the endurance course, averaged over the length of
the event. The record belongs to Montreal Polytechnique with the equivalent
rate of 108.306 sec. A score from 0 to 100 is associated to this event;

The winner team of the FSAE electric, held in Lincoln in 2018, was the Carnegie
Mellon University with the overall score of 799.6, which is also the record to beat.

Figure 1.2: Carnegie Mellon University vehicle specifications
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1.2.1 Brazilian FSAE

As already mentioned above, since 2012 in Brazil, in correspondance of the tradi-
tional SAE competition, also the electric events is held [5]. The Brazilian compe-
tition follows the previously typed rules. The electric event is dominated, since the
very first year, by the team of the Universidade Estadual de Campinas that won 5
out of 6 editions.
The Brazilian electric event hasn’t a large number of participants yet but it is really
competitive. The scores of the best team is really similar to the most important SAE
events discussed in the previous chapter.

Brazilian SAE and Lincoln SAE score comparison

Event "Universidade Estadual de Campinas" Lincoln record

Presentation 70,7 [points] 75 [points]
Cost $24069 $16758

Design 120 [points] 150 [points]
Acceleration 3,764 [s] 4.121 [s]

Skid Pad 5,65 [s] 5.274 [s]
Autocross 69,28 [s] 59.813 [s]
Endurance 1817,54 [s] 1732.903[s]
Efficiency verified (not quantified) 0.731 (fuel efficiency factor)

The Brazilian champion team has the best acceleration event score and, as shown
in the Tab. above, it is really competitive in all the different test, according to
the resulting score. So, the Brazilian FSAE electric isn’t just a start-up, a young
experiment but it has the chance and the power to compete world-wide.
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Thanks to this consideration and the ones reported at the beginning of the chap-
ter, more and more Brazilian universities put their attention and interest over this
kind of competition. One of those is the "Universidade do estado de Santa Cata-
rina (UDESC)" which is also the host university of my exchange program (Bilateral
agreement extra-UE). It gave me the great opportunity to participate to the project
and to deepen the study and the efforts to the goal as passionate as complex of
competing national wide in FSAE.

1.3 Project

The project to compete in the Brazilian FSAE electric has been developed in the
Centro de Ciencias Tecnologicas (CCT) of the Universidade do Estado de Santa
Catarina (UDESC, Brazil), thanks to the will of Prof. Ademir Nied and Prof. Yales
Romulo de Novaes coupled with some industrial partnerships in the power elec-
tronic field (WEG, EMBRACO). The project is a double opportunity for both the
students that can practice and experience over EV and for the industrial partners
that, in this way, can play a role in this technological change and find well prepared
workers in the labor market. Now, the project is still into the preliminary analysis
and simulation phase; the aim of the heads is to be ready to compete within two
years.

1.3.1 Starting point

The partners have already provided the motors and the ultra-caps implemented in
this work and they are committed to provide financial and technical support for the
vehicle construction phases. The other components (as batteries, wheels, etc.) will
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be chosen and bought according to this preliminary study.

1.4 Objectives

This work represents the sizing and simulation phase in which the overall vehicle is
analyzed and theoretically implemented. The main topics of the work are:

• create a model of the whole vehicle. Link together all the mechanical, electri-
cal, traction, braking and storage systems to properly simulate the capability
and performance of the prototype (chap.2);

• deepen the efforts in the study of a resonant converter applied to the regenera-
tive braking system (KERS) to manage the energy stored in a ultra-caps pack
(chap.3).

The second topic plays a crucial role in solving the actual limits of the electric tech-
nology and to ensure to it the long term competitiveness in the transportation sector:
the importance of the energy efficiency, cost savings and storage management in the
goal of increasing range and performance, is the last objective of the research. The
hope is that the efforts in pushing the technology limits in racing competitions could
help to increase the competitiveness on the transportation market.
In the available scientific literature the limits of Li-ion batteries and super or ul-
tra caps coupling is someway missing. This master thesis wants to investigate these
limits applying resonant converter technology ( high efficiency converters [12] [13])
and exploiting the peculiarities of both batteries and capacitors with the final ob-
jective of overall efficiency. The bidirectional dc-dc resonant converter is the key
component to control the energy flow between the battery and the ultra-capacitor.
To reduce the internal energy loss, the operation and limitations within the soft-
switching characteristics is the studied choice. Once that the operational frontiers
are set, the analyzed resonant converter configuration is adapted to the EV project
considering all the converter, inverter and UC pack constraints. Then, according
to that foundings, a capability factor and an interleaved solution with two resonant
converter is studied in order to ensure the proper operability of the system.
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CHAPTER2
Simulink Model of the Electric Vehicle (EV)

The EV model has been developed in the nPEE (Nucleo de Processamento de En-
genharia Elétrica), the laboratory of power electronics of the Department of Elec-
trical Engineering of UDESC (Brazil). It starts from the experience of the local
supervisor for the exchange project Prof.Yales Romulo de Novaes, the PhD stu-
dents of the laboratory and with the help of the students involved in the project.
The need of a simulation model is born to accomplish a preliminary analysis in or-
der to develop and build the EV for the Formula SAE electric competition.
The software (Simulink, a MathWorks product) was selected because of the famil-
iarity with the Matlab environment, the high versatility (mechanical/electrical), the
well known diffusion and the online community and official support of the prod-
uct [7].
It is an equation based model in which all the main systems of an EV are imple-
mented starting from a theoretical analysis.
In this chapter the implementation steps as well as the theoretical related analysis
are displayed.

2.1 Objective

The main objective of the model is to compute, for each time step (4t), the Power,
the Voltage and the Current at the KERS output in order to correctly project and
size the power converter required to run the system.
For each4t, the requirements that need to be found are in the following order:
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2.2. Model Implementation

1. Torque (τmot) and Power of the motor (Pmot);

2. Voltage (Vinv) and DC current (Iinv) at the inverter;

3. Voltage (VBP ) and DC current (IBP ) at the battery pack;

Moreover, thanks to this analysis, the available recoverable energy of braking is
computed. The electrical connections [12] are supposed to be as in Fig.(2.1) where
also the names of the variables are reported.

Battery Pack Inverter

KERS

MotorVBP Vinv

VKERS

VmotlineRMS

IBP

IKERS

Iinv ImotlineRMS

Figure 2.1: Concept scheme

2.1.1 Expected Output

The simulation is expected to show the capacity of the prototype in following the
given speed profile, to provide the SOC (State of Charge) of the battery pack as
well as the one of the UC pack and to display the current/energy flux among the
implemented systems.

2.1.2 Implementation Path

In order to organize the model, one "block" for each system of the vehicle is created.
Starting from a given speed profile, a "pilot" block controls the acceleration decel-
eration sending signal to the motor/breaking system. Though the "mechanical driv-
etrain" block, it arrives to the "dynamics" block where the driving variable such as
acceleration (a), speed (v) and position (x) are computed. When braking is needed
to slow down the EV, the signal makes the "braking system" block calculate the
available regenerative energy. The simulink structure of the model is displayed in
Fig.(5.2).

2.2 Model Implementation

The model is implemented using power equations [6] [8] to relate the subsystems
and regulate the driving simulation. Fig.(2.2) represents the conceptual scheme that
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2.2. Model Implementation

shows the interactions among the blocks and how each subsystem is related to the
whole vehicle.

Figure 2.2: Model conceptual scheme

2.2.1 Input block and Pilot Speed Control

Drive Cycle

This block produces drive-cycle data, as used in many automotive applications. It
outputs displacement, velocity and acceleration, all in SI units. It is possible to
choose from a list of popular cycles.

The chosen one for the simulation is the ”WLTP class3” because of the fast vari-
ability of the speed speed which is ideal to simulate the prototype. The frequent
accelerations/decelerations that are needed to properly test the KERS.
The speed (vdrivecycles) works as input for the whole model.

11



2.2. Model Implementation

Figure 2.3: Input speed profile

"Pilot Control"

A PID controller compares the input speed generated by the block above with the
actual speed of the vehicle and releases an acceleration/ braking signal proportional
to the relative difference of the inputs.
The signal will be processed respectively by the mechanical drivetrain and the brak-
ing system blocks.

Figure 2.4: Simulink block "Pilot Control"

In the following graph (2.5), the action taken by the "pilot" is shown. It repre-
sents the intensity (in percentage) of the acceleration or deceleration requested in
order to minimize the error between the input speed profile and the istantaneous
vehicle speed.

12



2.2. Model Implementation

Figure 2.5: Acceleration/deceleration signal intensity

2.2.2 Motor

This block uses the speed of the vehicle to deliver the allowed torque τmot to the
mechanical drivetrain block. The τmot is provided by the data-sheet of the motor
in function of the angular speed of the motor ωmot. Thanks to the relation: ωmot =
v

rpneu
, where rpneu is the radios of the wheels and according with the vehicle speed,

it is possible to find the right ωm for each time step.

Simulink implementation

In the model the motor is operated just in nominal condition. The possibility of
exploiting it at full power is not implemented yet. This choice is taken to keep op-
erational and safety margin during the prototype development and test phases.
The model is implemented on the based of the electric motor available for the
project. It is a Three Phase Induction Motor of 6 [kW] of nominal Power. Then,
considered the power required to move the vehicle ( par.2.2.5 ), the model is sim-
ulated using two motors. The whole data-sheet is reported in Fig.( 5.3; 5.4 ). The
τ/ω characteristic slope of the two motors combination is reported in Fig.( 2.6 ) :

Figure 2.6: Motor τ/ω characteristic slope

13
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2.2.3 Braking System

The braking block takes the braking signal, compares it with the maximum regen-
erative torque (τregmax) and computes:

• The allowed regenerative braking torque (τreg);

• The additional friction braking (τfriction) required to properly slow down the
vehicle.

The τregmax value is chosen with an high margin tolerance in order to properly pro-
tect the operability and durability of the motor and the storage system.

Simulink implementation

Figure 2.7: Braking System block

Simulation plots

2.2.4 Mechanical Drivetrain

The mechnical drivetrain block collects the inputs from the blocks (pr.2.2.3,pr.2.2.2,pr.2.2.1)
and computes the power available for the traction.

The net torque to the motor is computed, each instant of time, as:

τmotnet = τmot − τfriction − τregbraking (2.1)

The motor power (Pmotor):

Pmotor = ωmτm (2.2)

The mechanical/electrical losses are also computed trough the assumption of ηmel.

Simulation plot

In the graph (2.8) reported below, the different components of the torque at the
vehicle shaft for direct operation ( motor traction) and reverse operation( braking
phase) are displayed:

14



2.2. Model Implementation

Figure 2.8: Net tourque components

Under acceleration condition, all the available tourque is fastly exploited. For
the deceleration phases, the regenerative braking is enough just for the easiest cases.
When the braking required peaks, the friction braking system supports, usually for
a short time-frame, the regenerative braking.

2.2.5 Dynamics

In the dynamics block, the power balance equation of the vehicle is implemented.
The angular acceleration (ω̇m), the angular speed (ωm) as well as the linear accel-
eration (a), the linear speed (v) and the position (x) per each time step are com-
puted [8] [6].

Project choices

The rear-wheel drive is selected because thus configuration best enhances the per-
formance of the vehicle. This type of traction is the most used by sports cars.
The main advantages of rear-wheel drive are the better grip in acceleration and the
greater possibilities of controlling the vehicle for an expert pilot.

Force scheme

The 2D forces scheme is resumed in Fig.(2.9).
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Motor

Front wheels

τm

ωm

ωwheels

Faerodinamic−drag

Jm

Jw,Rw

T

N

Finertia

v

ωwτmot

τres

Figure 2.9: Vehicle forces scheme

The relation between the motor rotational speed ωm and the wheels rotational
speed ωw is tr =

ωw

ωm

, wehere tr is the transmission (generally is it not required for

an EV but is theoretically implemented in this work: tr = 1).
Jm represents the motor moment of inertia, Jw the wheels moment of inertia, Rw is
the prenumatic radius and τres is the friction torque resistance.

Mathematical implemetation

The analysis is theoretically based and implemented in 2D. The objective of the
mathematical analysis is to obtain the motion equation to describe the vehicle vari-
ables in each driving condition.
The study starts from the power balance of the EV:

Pmotor + Presistant + Plosses = 0 (2.3)

So:

Pmotor = τm · ωm − Jmω̇m · ωm

Presistant = −Mgsin(α) · v − τres · ωw −
1

2
ρairSfrontalCDv

3 − J∗
r ˙ωm · ωm

Plosses = −(1− η)τm · ωm

(2.4)
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2.2. Model Implementation

Where v is the speed of the vehicle, M is the overall weight of both vehicle and
pilot, g is the gravity acceleration, ηmel is the mechanical and electrical efficiency,
α is the tilt angle of the road ( in this study α = 0), ρair the density of the air,
Sfrontal frontal surface of the vehicle, CD the aerodinamic drag coefficient and ω̇m

the angular acceleration of the motor.
The first equation in composed by the power of the motor (first term) reduced by
the motor inertia. This inertial term, as well as the last term of the second equation,
can be obtained looking for the first order derivative of the kinetics energy for both
motor and user side:

dEkmot

d t
=

d

d t

(
1

2
Jmω

2
m

)
= Jmω̇m · ωm

dEkuser

d t
=

d

d t

(
1

2
Jwω

2
w · 4 +

1

2
Mv2

)
=
(
Jw +MR2

w

)
tr2ω̇mωm

= J∗
r tr

2ω̇mωm

(2.5)

The relation v = ωwRw = Rw · tr · ωm is used to go from the linear speed of the
vehicle to the motor angular speed. The second power equation (2.4) can be better
represented by substituting the following relations:

τres = N4wfdRw

N4w = Mgcos(α)
(2.6)

with N4w is the vincolar reaction with the ground for all the 4 wheels and fd the
dynamic friction.
The third power equation eq.(2.4) represents the power losses of the system.
By substituting eq.(2.6) into eq.(2.4) and finally in eq.(2.3), the equation of motion
is found:

η(τm − Jm ˙ωm)ωm =Mg[fdcos(α) + sen(α)]Rw · tr · ωm

+ 1/2ρairSfrontalCDω
3
mR

3
wtr

3

+ J∗
r ˙ωmωmtr

2

(2.7)

The term before the equal represents the power at the motor side discounted by the
motor inertia. The terms after the equal sign show in this order:

• Rolling and grading resistance;

• Aerodynamic drag;

• Inertial resistance.

So, from the eq.(2.7), the angular acceleration results:

˙ωm =
ητm −Mg [fdcos(α) + sen(α)]Rwtr − 1/2ρairSfrontalCDω

2
mR

3
wtr

3

ηJm + J∗
r τ

2
(2.8)
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2.2. Model Implementation

According with the motion equation ( 2.7 ), the acceleration at the starting point (

ωm = 0 ) , the available engine torque ( τm ) at full speed (
dωmot

d t
= 0 ) as well as

the front wheels adherence in each driving condition are preliminarily studied.

Simulink implementation

Figure 2.10: Dynamics block

Simulation plots

In Fig.(2.11) below the vehicle speed with the drive-cycle speed is reported.
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2.2. Model Implementation

Figure 2.11: Vehicle speed profile vs drive-cycle speed

The vehicle (red line) is able to follow the speed profile (black line) for all the
deceleration phases. It means that the friction and regenerative braking system are
enough for this small speed drive test. Instead, it has not enough power to permorm
the hardest acceleration required by some drive-cycle time frames (remember that
the simulation is permformed at nominal motor operation but it can work, according
with the data-sheet 5.3, at more than 3 times the nominal operation).

2.2.6 Inverter and Storage Management

This block receive as input the power required by the motor. It compute the power
at the inverter DC side through:

Pinv = ηinvPmotor (2.9)

Dividing this value for the voltage of the battery pack (VBP ), the total current re-
quired (Itot) is found. At this point, depending on the direct or reverse operation, an
output signal is created to regolate the operation of the KERS. The current required
from/delivered to the battery pack is calculated as the total current (Itot) discounted
by the KERS current (IKERS).

From the motor to the DC side of the inverter

In the Fig.(2.12) below the electrical scheme [24] of the inverter is shown:
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Figure 2.12: Inverter

it is assumed the phase voltage of the motor (Vphase):

Vphase =
VinvDC

2
Mi (2.10)

where Mi is the modulation index. Considering the root min square of the phase

voltage VphaseRMS
=
Vphase√

2
, the nominal voltage of the motor (VmotNOM ) is eqaul

to:

VmotNOM = VlineRMS =
√

3VphaseRMS
(2.11)

The inverter voltage at the DC side is expressed as:

VinvDC =
2
√

2√
3

VmotNOM

Mi

(2.12)

At this point, also the inverter current at the DC side (IinvDC ) (thus the total current
Itot) can be calculated as:

IinvDC =
Pmot

VinvDC
ηinv (2.13)
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2.2. Model Implementation

Simulink implementation

Figure 2.13: Inverter and storage management block

2.2.7 Battery Pack

This block receives as input the current (IBP ) that should be managed by the BP
and it computes the State of Charge (SOC) and the respective voltage VBP per each
time step (4t). The block presents also a backstop function to stop running the
model below a certain level of SOC or VBP due to operational limit and technology
durability.

Single Cell theoretical implementation

The implementation of the single cell is performed with a physical based approach
[9].
A general designing situation in which there are no information about materials,
geometry and chemistry of the cell is assumed. A closed system in which reactants
and products are stored inside is defined. Due to the impossibility to locally measure
the chemical activity (a) of the species, a relation with the SOC is stated:

{aD+ , aD−} ∝ (1− SOC)

{aC+ , aC−} ∝ SOC
(2.14)

Where the subscript D and C state respectively for discharge and charge, while +
and − the positive and negative electrode.
Adding to these considerations the following stringent hypothesis:

• stady state operation;

• homogeneous reactions;

• Ohms law in the electrolyte;

• no mass transport effects;
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2.2. Model Implementation

The Butler-Volmer equation, that correlate the current with the positive and the
negative metal potential (φ = E + η), can be written:

i = nsF

koavoo exp

βoF (E + η)

RT −kravrr exp

−βrF (E + η)

RT

 (2.15)

With the subscript o and r that respectively state for oxidation and reaction, ns is
the number of the electrochemical steps ( excluding repetitions), ko andkr are the
chemical equilibrium coefficients, νo and νr are the activity coefficients, βo and βr
are the oxidation/reaction parameters, F the Faraday constant, η is the overpotential
and E is the equilibrium electrode potential.
Assuming additionally νo = νr = 1 and ns = 1, we can write the equation for the
anode (negative electrode), for the cathode (positive electrode) and the electrolyte:

anod I = F

k−o SOC exp

β−
o F (E− + η−)

RT −kr(1− SOC) exp

−β−
r F (E− + η−)

RT



cathode −I = F

k+o (1− SOC) exp

β−
o + (E− + η+)

RT −krSOC exp

−β+
r F (E− + η+)

RT



electrolyte ηel = RelI

With Rel the electrolyte resistance. The overall cell voltage Vcell can be now written
as:

Vcell = E+ + η+ − E− − η− − ηel (2.16)

Single Cell simulation

Using the theoretical analysis reported above, the single cell operation under a con-
stant charge/ discharge current is simulated on Matlab. The SOC variation is com-
puted implementing:

4C = Idischarge4t (2.17)

where C is the capacity of the cell. In this way the SOCi, at each time step, can be
find as:

SOCi = SOCi−1 −
4C
Cnom

(2.18)

The simulation results are displayed in Fig.(2.14) above:
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(a) (b)

Figure 2.14: Single cell behavior at constant discharge current

The charge and discharge voltage which limit the operations are shown in Fig.(2.14a).
The choice is to work as far as possible inside the "linear" area of the voltage dis-
charge curve. This is important in order to preserve the cell life-time by reduce
the stress in the most critical condition that are the extreme ones (minimum and
maximum SOC). Moreover, it is fundamental to have a linear behavior to correctly
predict the output voltage of the device for the proper operation of the systems
that are connected to it. Infact, outside of that area, the voltage drops in an quasi-
exponential way that is not manageble.
As expected, in Fig.(2.14b) is shown that the SOC decrease linearly for a constant
discharge current

Sizing of the Battery Pack ( BP )

The correct sizing of the battery pack is crucial point in the design of the vehicle
because of the energy storage needed, the voltage and current required, the mass
and volumetric constraints and the thermal and control problems (the thermal and
control topics are not evaluated in this work).
The BP works as the main storage source of the vehicle and the lay-out is derived
from the voltage (Vinv) and current (Iinv) requirements at the inverted DC side,
computed in the par.(2.2.6).
The cells are connected in series forming strings that are put in parallel in order to
satisfy the application constraint. The number of cells in series (ns) and the number
of strings in parallel (n//) is defined as:

ns =
Vinv
Vcell

n// =
Itot

IcellNOM

(2.19)

It is assumed that the charge and discharge is equal among all the cells. In this
way, the resulting voltage of the battery pack (VBP ) is always the sum of equal cells
voltage (Vcell): no voltage difference is considered between a string and an other.
This also means, the current of the different strings is always the same.
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Technology selection

The best battery choice for an high power, high current application like an EV is the
lithium-ion technology (Li-ion).
Due to the lack of particular kind of batteries for the project, standard Li-ion values
are assumed.

Simulink implementation

Figure 2.15: Battery pack block

Simulation plots

The three main parameters for the analysis of the BP operation current, voltage
and SOC are reported in the Fig.(2.16) below. The first graph shows both the cur-
rent (IBP ) drained by the motor (positive) and the one absorbed by the BP during
regeneration (negative). In the second one the BP voltage (VBP ) is shown. The
discontinuity of the voltage is due to the model used and to the absence of a fil-
ter implementation. However, the tendency of voltage decrease during discharge
operation is well appreciable from the graph. The last one displays the SOC: the
discharge rate is higher during the high current demand while it is appreciable the
recharge during the braking time frame.
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Figure 2.16: Battery pack current; SOC; battery pack voltage

2.2.8 KERS( Kinetics Energy Recovery System)

This block receive the input signal from the inverter and storage management block.
The block output is the KERS current (IKERS) which depend on the state of charge
of the UC pack (SOCUC) and the respective allowable charge and discharge current
(IUC). A relevant influencing factor on the output current is the power capability of
the resonant converter (k).

System overview

A kind of Regenerative braking is called KERS [11]. To slow down a vehicle the
kinetic energy of braking is commonly dissipated in the environment (lost) as ther-
mal energy by the mechanical/hydraulic braking system. The importance of the
KERS stands in the attempt of recovering as much as possible this energy lost. The
KERS is an automotive system for recovering the moving vehicle’s kinetic energy
under braking phase. The recovered energy is stored in a reservoir for later use
under when required. The electrical systems use a motor-generator incorporated in
the car’s transmission which converts kinetic energy into electrical energy and vice
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versa.
There are different type of devices and forms in which the kinetic energy can be
stored:

• Mechanical KERS

• Electric KERS

• Hydraulic KERS

• Hydro-electric KERS (HESS)

All the systems listed above have their advantages and draw backs. The most
promising for the full electric automotive applications is the electric one. The
well documented electrical systems utilizes batteries as the storage medium and an
electric motor/generator systems as the energy transformation and control media.
KERS components for battery storage systems are: electric propulsion motor/gen-
erator, power electronics-inverter, and the electrochemical storage. Pure Li-ion bat-
tery systems or combined batteries and super-caps technology can be used. Super-
capacitors have special features such as long life, rapid charging and discharging,
low internal resistance, high power density and simple charging method as com-
pared to standard capacitors and batteries.
For this application, a combined system that uses concurrently battery and ultra-
caps is analyzed. It is designed and sized, then the functioning and limitations of
this technology are studied.

Objective

The objective of this additional system is to use the UC peculiarities of high current
capability, thermal stability, long ELD (Estimated Life Duration) and very fast be-
havior in both charge and discharge to help the BP in the most critical driving phase.
The KERS is expected to absorb part of the kinetic energy recoverable during brak-
ing and to give it back during the peak demand in acceleration. It should be able
to increase the performance of the EV under certain driving condition. The system
should increase the overall range of the EV, improve the efficiency of the storage
side and improve the life expectancy of the BP by managing the high current values
in both charge and discharge. Consequently it reduces the thermal and frequency
stress of the Li-ion storage system.

Concept scheme

The lay-out and the nomenclature of the KERS system is shown in Fig.(2.18) below:
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Figure 2.17: KERS scheme

In Chapter 3 the values of UC pack are consider the inputs to the system and
"KERS" values are the outputs.

Sizing of the Ultracaps pack

The sizing process is similar to the BP one. The nominal voltage of the UC pack
(VUCpack) is set equal to inverter voltage (Vinv) and the number of UC in series is
consequently chosen:

nsUC =
Vinv

VUCNOM
(2.20)

Where VUCNOM is the nominal voltage of each UC. Instead, the number of UC
strings put in parallel is stated considering the weight and volume constraints of the
vehicle (n//UC = 1).

Setting of the Minimum UC pack Voltage ( VUCpackmin)

The value of the minimum UC pack voltage ( VUCpackmin) is set in order to properly
limiting the UC pack final discharge condition. The value is chosen according to
the relation (2.21) as a compromize of operation between charge and discharge:

PKERS = kPinv = ηres.convVUCpackminIUCpackmax (2.21)

So, Vmin can be determined:

VUCpackmin =
kPinv

ηres.convIUCpackmax

(2.22)
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Simulink implementation

At each time step, the available IKERS in direct/reverse operation is computed using
the following eq.(2.23):

ηres.conv =
IKERSVinv

IUCpackVUCpack

(2.23)

It is considered that Vinv is approximately fix due to the presence of a big BP and
the UC pack is always working at maximum current (IUCpack = IUCpackmax). In this
way, the IKERS can be calculated for each VUCpack condition:

IKERS = ηres.convIUCpackmax

VUCpack

Vinv
k (2.24)

Where k is a capability constraint of the resonant converter that will be deeply ana-
lyzed in par.(3.6.6).
So, the UC voltage has to be computed. As input for direct (positive current) and
indirect (negative current) operation the IKERS is used. According with the sig-
nal control of the KERS and limitated by the min/max SOCUC , the stored energy
variation (4Ei) of the UC pack is defined:

4Ei =
VUCpack(i−1)

IKERSdt

3600
(2.25)

Where the subscript i represent the value at this time step and (i − 1) the value at
the time step before.
So, the actual stored energy is be defined as:

Ei = Ei−1 +4Ei (2.26)

Assuming that the UC pack works at maximum constant current, the VUCpacki is:

VUCpacki = VUCpackNOM

EUCpacki

EUCpackNOM

(2.27)

Figure 2.18: KERS block
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Simulation plots

In the Fig.(2.19) the relevant parameters of the KERS operation are displayed.

Figure 2.19: KERS current; KERS voltage; regeneration signal

As shown in the first graph, the current capability of the system decrease pro-
portionally to voltage drop during discharge, according to the analysis performed at
par.(2.2.8). In the second graph, the trend of UC pack is represented. The discharge
voltage is limited by VUCpackMIN

discussed at par.(2.2.8). When the voltage of the
UC pack reaches the minimum value, the KERS stops operate, as also confirmed by
the correspondant drop to 0 of the IKERS . In the last graph, the signal that control
the regeneration during braking is displayed (1 on; 0 off) .

2.3 Simulation Data and Symbols

The important specification of the simulation are:

• is performed to test the formula SAE race of acceleration (d1) and long dis-
tance (d2);

• fixed step size with automatic solver selection;

• step size dt = 1[ms].
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2.3.1 Matlab workspace data

The data reported below are used to run the simulation. They came from the data-
sheets of the available parts (as motor and UC). The others are assumed based on
theoretical assumption and referring to similar projects.

Race data
distance 1 d1 75 [m]
distance 2 d2 2200 [m]

Mass data
Pilot weight masspilot 70 [kg]
Pilot car masscar 150 [kg]

Geometry
Frontal area frontalarea 1 [m2]
Wheels radius rw 0.23 [m]
Wheelbase 1.2 [m]

Coefficients
Air density ρair 1.225 [kg/m3]
Static friction fs 0.3
Dynamic friction fd 0.01
Mechanical/electrical efficiency ηmel 0.97
Aerodynamic friction coefficient CD 0.4

Motor data
Motor number nmotor 2
Wheels number nwheels 4
Motor nominal voltage VmotorNOM 51 [V]
Motor nominal current ImotorNOM 118 [A]
Motor nominal power PmotorNOM 6 [kW]
Motor power factor PFmotor 0.66
Motor nominal frequency fmotorNOM 150 [Hz]

Inertia
Motor inertia Jmotor 0.0078 [kg ·m2]
Wheels inertia Jwheels 0.155 [kg ·m2]

Inverter
Inverter efficiency ηinv 0.95
Resonant converter efficiency ηres.conv 0.98
Modulation index Minv 0.75
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Li-ion Battery parameters
Ideal gas constant R 8.314 [kJ/(kg ·K)]
Faraday constant F 96 485 [C/mol]
Bateery temperature T 300 [K]
Negative electrode standard potential E0− 0.7 [V]
Positive electrode standard potential E0+ 4.5 [V]
Membrane resistance Rmembrane 0.015 [Ω]
Cell mass masscell 0.05 [kg]
Cell diameter dcell 0.018 [m]
Cell height hcell 0.065 [m]

Initial and final conditions for discharge or charge
Minimum discharge voltage Vcellmin 2.7 [V]
Maximum charge voltage Vcellmax 4.5 [V]
Maximum current Icellmax 10 [A]
Nominal capacity CcellNOM 2.5 [Ah]
Maximum State of charge SOCmax 0.95
Minimum State of charge SOCmin 0.1

UC parameters [LSUC 002R8S 0120F EA; Tab.(5.1)]
Ultracaps capacity CUC 120 [F]
Nominal UC voltage VUCNOM 2.8 [V]
Equivalent series resistance RUCESC 0.1
Maximum UC current IUCmax 81 [A]
Leakage UC current IUCleak 0.4 [A]
Nominal UC energy EUCNOM 0.13 [Wh]
UC weight massUC 0.023 [kg]
UC diameter dUC 0.022 [m]
UC height hUC 0.046 [m]
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The following values result from the analysis reported in this chapter. They can
be used to design the vehicle itself, taking care of dimensions, thermal constraints,
isolating material and vehicle shape that are not studied in this work.

Inverter DC side
Inverter current Iinv 113.7 [A]
Inverter voltage Vinv 111 [V]

BP sizing
Cell nominal power Pcell 38 [W]
Cell nominal energy Ecell 9.5 [Wh]
Cells in series ns 30
Stings in parallel n// 11
Total cells nBP 330
BP weight massBP 16.5 [kg]
BP volume V olBP 0.4 [m3]
BP nominal voltage VBP 114 [V]
BP nominal current VBP 110 [A]
BP nominal power PBP 12.5 [kW]
BP nominal energy EBP 3.135 [kWh]

UC pack sizing
UC pack nominal voltage VUCpack 111 [V]
UC in series nUCs 79
UC stings in parallel nUC// 1
Total UC nUC 79
UC pack weight massUCpack 1.81 [kg]
UC pack volume V olUCpack 0.25 [m3]
UC pack nominal power PUCpack 17.91 [kW]
UC pack nominal energy EUCpack 10.27 [Wh]
UC pack minimum voltage VUCpackmin 25.5 kHz
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CHAPTER3
KERS converter

In this chapter, a preliminary overview of the resonant converters properties is per-
formed. The operation topology in boost [13] [27] (UC discharge) and buck (UC
charge) modes as well as the characteristics of the chosen converter configuration
in Fig.(3.5) for the EV application are analyzed [20] [23] .

3.1 Resonant Converters Characteristics

The resonant converter is taken into analysis for this EV application mainly because
of the following characteristics:

• high efficiency also at high switching frequency [23];

• feasible compactness and scalability [23].

The passive components of the converters such as inductors, capacitors as well as
the heat sink for the semiconductor components occupy a large portion of the over-
all size. Therefore, by reducing the size of the passive components, higher power
density can be achieved. An effective way to do that is to increase the switching
frequency. However, conventional PWM converters process power by interrupting
the power flow by means of hard switching and thus suffer from high switching
losses [14].
The switching losses are negligible in resonant converters [15]. This class of con-
verters contains a resonant inductor-capacitor (L−C) network, also defined resonant-
tank. In each switching cycle, the voltage and current waveforms vary sinusoidally
in one or more sub-intervals [24] (topological steps). The commutation of the
switches is usually with zero-voltage switching (ZV S) or zero current switching
(ZCS). Due to the soft switching properties, the switching losses and stresses of
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3.1. Resonant Converters Characteristics

resonant converters are reduced with respect to PWM converters.
The general drawbacks of the resonant converters are generally due to the high peak
values of the current in input to the resonant inductor that require a filter to be man-
aged [15]. Then, also the control strategy is more complicated with respect to PWM
converters [16].

3.1.1 Resonant Switches

To improve the switching behavior and reduce the switching losses, the zerocurrent-
switching (ZCS) and zero-voltage-switching (ZVS) techniques are proposed. By
incorporating an L−C resonant tank, the concept of resonant switch is introduced.
The resonant switches are classified in two types: zero-current (ZC) resonant switch
and zero-voltage (ZV) resonant switch [20] [23] [25].
For the ZC resonant switch, an inductor is connected in series with a power switch.
At turn-on, the current in the switch rises slowly in a quasi-sinusoidal from zero.
Then due to the resonance of the L−C tank, this current will oscillate until the zero
current duration. If there is a diode connected in anti-parallel with the switch, the
current is allowed to flow in both directions, this is called full-wave mode (Fig.3.1).
Otherwise the current can only flow in the positive cycle and it is called half-wave
mode (Fig.3.2) [20]. With this technique the current waveform of the switching
device behaves in a quasi-sinusoidal manner to reach ZCS conditions during both
turn-on and turn-off.

s

Lr

Cr

s

Lr

Cr

Figure 3.1: Full wave mode zero current resonant switch (ZC)

s Lr

Cr

s Lr

Cr

Figure 3.2: Half wave mode zero current resonant switch (ZC)

For the ZV resonant switch, a capacitor is connected in parallel with the switch.
The voltage waveform of the switch can be shaped in a quasi-sinusoidal curve. If the
switch is connected with an anti-parallel diode, the voltage will be clamped at zero
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3.1. Resonant Converters Characteristics

during the negative switching cycle. Similarly, this is called as half-wave mode
(Fig.3.4). On the other hand, the voltage can also oscillate in negative switching
cycle and is called full-wave mode (Fig.3.3). The ZVS conditions is created with
this technique and the switching losses are eliminated [20].
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Cr
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Figure 3.3: Full wave zero voltage resonant switch (ZV)

s Lr

Cr

s Lr

Cr

Figure 3.4: Half way zero voltage resonant switch (ZV)

The resonant converter is created adopting the ZV resonant switches strategy.

3.1.2 Converter conception

The conception of the converter comes from [12], [13] and [27]: the already known
resonant boost converter in Fig.(3.5) where the resonant tank is underlined by the
red dashed line:

−
+

vin

Lr

iLr S3

S4

−

+

Cr

D2

D1

iout

+

−
vout

Resonant Tank

Figure 3.5: Resonant boost converter

Through the addition of two other switches and two other diodes [23], under-
lined by the green dashed line, it is made a bi-directional buck-boost converter
Fig.(3.6): this means it has the peculiarity of working as a boost (Gboost > 1),
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3.2. Investigation of converter topology

from the "left" to the "right" of the FIg. below, to discharge the UC pack; instead,
it operate as a buck (Gbuck < 1), from the "right" to the "left" of the Fig. below, to
charge the UC pack. It is a new resonant converter configuration without literature
references for an EV KERS management .
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UC pack DC bus

Inverter

Figure 3.6: Resonant buck-boost converter

3.2 Investigation of converter topology

The converter topology investigated in this work is shown in Fig.(3.5). It is a
buck-boost converter operating in resonant mode. The resonant tank is composed
by the resonant inductor (Lr) and the resonant capacitor (Cr). Four switches (
S1, S2, S3, S4) and four diodes ( D1, D2, D3, D4) are used to operate the device.
In this analysis, they are supposed to be ideal. It is also assumed that the output and
input capacitors ( Cout displayed in Fig.(3.7) and Cin displayed in Fig.(3.13)) are
large enough to keep the respectives output and input voltage (Vout and Vin) constant
during one switching cycle.

3.3 Boost operation

For the boost operation, the equivalent load is represented by Cout and Rout as
shown in Fig.(3.7). The analysis performed in this paragraph regards the discharge
phase of the UC pack: the energy is flowing from Vin side to the Vout side.

3.3.1 Switching cycle analysis(boost)

Due to the modulation strategy analysed, in the boost operation mode, the control
signal of the two switches S3 and S4 is made of a complementary square-wave with
50% duty cycle while the switches S1 and S2 remain open. The two switches turn
on complementary for half of the switching cycle and in each half part there are
three stages related to the resonant tank behavior.
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3.3. Boost operation
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Figure 3.7: Resonant boost

Stage 1 [ t0, t1]

At t0, S3 turns off and S4 is turned on; D2 is forward biased. During this stage, the
resonant capacitor Cr is charged by the source as log as it reaches the voltage value
in output Vout. Due to the resonance, the current through the resonant inductor Lr

increases sinusoidally from 0 to a certain value, which is supposed to be I1. This
stage is shown in Fig.(3.8):
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Figure 3.8: Stage 1 (boost)

This stage can be described by the following two equations:
Vin = Lr

diLr
d t

+ vCr(t)

iLr(t) = Cr
dvCr(t)

d t

(3.1)

Considering the regime operations, the initial conditions for the first topological
stage are assumed:

vCr(t0) = 0

iLr(t0) = 0

(3.2)
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3.3. Boost operation

Applying the Laplace transformation [10], the following equation can be obtained:
Vin
s

= sLrILr(s) + VCr

ILr(s) = sCrVCr(s)

(3.3)

And solving:
ILr(s) =

Cr

s2LrCr + 1
Vin

VCr(s) =
Vi/s

1 + s2LrCr

(3.4)

Now, considering the resonant angular frequency:

ω0 =
1√
LrCr

(3.5)

And the resonant impedance:

Zr =

√
Lr

Cr

(3.6)

Substituting:
ILr(s) =

1

s2 + ω2
0

Vin
s

VCr(s) =
ω2
0

ω2
0 + s2

(3.7)

At this point, the denominator of VCr has been decomposed though Y (s) =
A

s
+

Bs+ C

s2 + ω2
0

. Then, applying the inverse Laplace transformation [10] to (3.7):


iLr(t) =

sin(ω0t)

ω0

Vin
Lr

vCr(t) = Vin[1− cos(ω0t)]

(3.8)

Define the following parameters:

iLr(t) =
iLr(t)

Vin/Zr

(3.9)

vCr(t) =
vCr(t)

Vin
(3.10)
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3.3. Boost operation

Apply the parameterized inductor current and capacitor voltage:
iLr(t) = sin(ω0t)

vCr(t) = 1− cos(ω0t)

(3.11)

The voltage gain of the converter is:

Gboost =
Vout
Vin

At the end of this stage t1, the following equation can be derived:
iLr(t1) = I1

vCr(t1) = 1− cos(ω0t1)

(3.12)

Where:
I1 =

I1
Vin/Zr

It is already known that at t1 the resonant capacitor Cr is charged untill the output
voltage Vout, therefore:
vCr(t1) = Vout
So:

vCr(t1) = Gboost (3.13)

The duration of the first stage, which also corresponds to the charge of the resonant
capacitor, can be expressed as:

ω04t10 = π − arcos(Gboost − 1) (3.14)

Where4t10 = t1 − t0
It is also possible to define a vector Z in the state-plane as:

z = vCr(t) + jiLr (3.15)

In conclusion the first stage can be described by the following vector:

z = 1− cos(ω0t) + jsin(ω0t) (3.16)

Stage 2 [ t1, t2]

At t1, S4 is on and S3 is off. The resonant capacitor voltage VCr is equal to the
output voltage Vout, the diode D1 turns on. So, in this stage VCr is clamped as Vout,
while the current through the inductor iLr decrease linearly to zero, since the output
voltage is higher than the input voltage. This leads to a negative voltage across Lr.
This stage can be referred to Fig.(3.9):
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3.3. Boost operation
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Figure 3.9: Stage 2 (boost)

Similarly, this stage can be described as:
Vi + Lr

diLr
d t
− Vout

vCr(t) = Vout

(3.17)

With initial conditions:
iLr(t1) = I1

vCr(t1) = Vout

(3.18)

Applying again the Laplace trasformation as already done at step 1, the following
equation can be found:

iLr(t1) = I1 −
Vout − Vin

Lr

(t− t1) (3.19)

After the same parametrization of before:
iLr(t) = I1 − (G− 1)ω0(t− t1)

vCr(t) = G

(3.20)

Where :
←−
I1 =

I1
G− 1

At the end of the stage 2 (t2), the inductor current drop to
zero:

I1 − (G− 1)ω04t21 = 0 (3.21)

The duration is:

ω04t21 =
I1

G− 1
(3.22)

And the state plane vector:

z2 = G+ [I1 − (G− 1)ω0(t− t1)] (3.23)
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3.3. Boost operation

Stage 3 [ t2, t3]

At t2, S4 is on and S3 is off. As the current becomes 0 at the end of the second stage,
D2 become reverse biased (because the Vout is always greater than Vin). There is no
more current through Lr, and the voltage across Cr remains at Vout as in stage 2.
In this stage, no current is circulating in the circuit. The equations to describe this
stage are quite simple:

iLr(t) = 0

vCr(t) = Vout

(3.24)

And after parametrization:
iLr(t) = 0

vCr(t) = G

(3.25)

The stage ends at half of the whole switching cycle, which means ω0t = π. So:

ω04t32 = π − ω04t21 − ω04t10 (3.26)

The vector is easy to obtain:

z3 = G (3.27)

Stage 4 [ t3, t4]

At t3, the switch S3 turns on and S4 turns off. In this stage, D1 is forward biased
while D2 is reverse biased. The resonant capacitor is discharged, so the voltage
across it drops from Vout to 0. At the same time, the current through the inductor
increases from 0 to I1. The operation of the converter is similar to the first stage.
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Figure 3.10: Stage 4 (boost)

The equations to describe this stage are:
vCr(t) = Vout − Vin + Lr

d iLr(t)

d t

iLr(t) = −Cr
dvCr(t)

d t

(3.28)
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3.3. Boost operation

Notice that the initial conditions is different from the first stage:
vCr(t3) = Vout

iLr(t3) = 0

(3.29)

In the same way the following equations can be obtained:
vCr(t) = Vout − V in[1 + cos(ω0t)]

iLr(t) = −Vin
Lr

sin(ω0t)

ω0

(3.30)

And after parametrization:
vCr(t) = G− 1− cos(ω0t)

iLr(t) = −sin(ω0t)

(3.31)

The duration is equal to the first stage:

ω04t43 = π − arcos(G− 1) (3.32)

The vector in state-plane of this stage is:

z4 = G− 1− cos(ω0t)− jsin(ω0t) (3.33)

Stage 5 [ t4, t5]

At t4, the switch S3 is on and S4 is off. The operation of the converter in this stage
is quite similar to the stage 2. The difference is that the resonant capacitor voltage
keeps at zero.
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Figure 3.11: Stage 5 (boost)

The equations related to this stage are:
Vin + Lr

d iLr(t)

d t
− Vout = 0

vCr(t) = 0

(3.34)
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3.3. Boost operation

The initial conditions is:
iLr(t4) = I1

vCr(t4) = Vout

(3.35)

So: 
iLr(t) = I1 −

Vout − Vin
Lr

(t− t4)

vCr(t) = 0

(3.36)

Then:
iLr(t) = I1 − (G− 1)ω0(t− t1)

vCr(t) = 0

(3.37)

The duration of this stage is the same of Stage2:

ω04t54 =
I1

G− 1
(3.38)

And the vector:

z5 = [I1 − (G− 1)ω0(t− t4)] (3.39)

Stage 6 [ t5, t6]

At the end of stage 5, the switch S3 is still on and S4 is off. The current drops to 0
and there is no voltage across the resonant capacitor. Thus, in this last stage there is
no current through Lr and no voltage across Cr. Therefor:

iLr(t) = 0

vCr(t) = 0

(3.40)

And:

ω04t65 = π − ω04t43 − ω04t54 (3.41)

z6 = 0 (3.42)

3.3.2 Summary of the switching strategy (boost)

From the previous analysis, the waveforms of the voltage and current of the com-
ponents of the converter can be plotted according to the control signal, as shown in
Fig.(3.12).
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3.4. Buck operation

At turn-on and turn-off, the voltage and the current values at the switches termi-
nals are zero (as shown in Fig.3.31 and Fig.3.32), this means there is no switching
losses. Therefore, this converter is soft-switching.
For what concerns the resonant tank, the voltage across the resonant capacitor VCr

is charged untill Vout and then clamped at this value during the first half switching
cycle. So, in the second half switching cycle, the resonant capacitor is discharge
and then vCr keeps at zero. The current through the resonant inductor varies with
the switching frequency. In this way, it is possible to regulate the converter by con-
trolling the switching frequency, according to the eq.(3.43) that will be deduced in
par.(3.5.2)

G =
fs

2πf0
Rout/Zr + 1 (3.43)

The maximum value of the inductor current iLr(ω0t)max = 1, happens when vCr(ω0t) =

1 or vCr(ω0t) = G− 1.

Figure 3.12: Boost converter waveform analysed with ideal components

3.4 Buck operation

3.4.1 Switching cycle analysis(buck)

Due to the modulation strategy analysed, in the buck operation mode, the control
signal of the two switches S1 and S2 is made of a complementary square-wave with
50% duty cycle while the switches S3 and S4 are off. The two switches turn on
complementary and each half part presents three stages related to the resonant tank
behavior. The analysis performed in this paragraph regards the charge phase of the
UC pack: the energy is flowing from Vout side (DC bus inverter) to the Vin side (UC
pack).
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3.4. Buck operation
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Figure 3.13: Resonant buck

Stage 1 [ t0, t1]

In this operation mode, at t0, S1 turns on and S2 turns off, diode D3 is conducting.
During this stage, the resonant capacitor Cr is charged by the source to the voltage
level of the output voltage Vout. Due to the resonance, the current through the
resonant inductor Lr increases sinusoidally from 0 to a certain value, defined I1.
This switching stage can be referred to Fig.(3.14)
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Figure 3.14: Stage 1 (buck)


Vout − VCr(t)− Lr

d iLr
d t
− Vin = 0

iLr(t) = Cr
d vCr(t)

d t

(3.44)

At regime, the initial conditions of this topological state are:
vCr(t0) = 0

iLr(t0) = 0

(3.45)

Defining the gain of the buck Gbuck as:

Gbuck =
Vin
Vout

(3.46)
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3.4. Buck operation

and remembering that Vout is always greater than Vin:

Vout > Vin (3.47)

so:

0 < Gbuck < 1 (3.48)

Applying the Laplace direct and inverse transformation, following similar mathe-
matical substitution and semplification as in the previous analysis, the showed result
can be achived:

iLr(t) =
sen(ω0t)

ω0Lr

(Vout − Vin)

vCr(t) = [1− cos(ω0t)](Vout − Vin)

(3.49)

In order to compare the two operation modes, the same parametrization strategy of
the boost analysis above is used:

iLr(t) =
iLr(t)

Vin/Zr

(3.50)

vCr(t) =
vCr(t)

Vin
(3.51)

Resulting in:
iLr(t) = (

1

Gbuck

− 1)sen(ω0t)

vCr(t) = (
1

Gbuck

− 1)[1− cos(ω0t)]

(3.52)

Considering the final condition vCr(t) =
1

Gbuck

and the eq.(3.52) of the resonant

capacitor voltage, the duration of this stage is:

ω04t10 = π − arcos( Gbuck

GBuck − 1
) (3.53)

The state plane vector is:

z1 = (Gbuck − 1)[1− cos(ω0t)] + (G− 1)sen(ω0t) (3.54)

Stage 2 [ t1, t2]

At t1, the switch S1 is on and S2 is off. The resonant capacitor voltage vCr is equal
to the output voltage Vout, the diodes D3 and D4 are forward biased. So in this stage
vCr is clamped as Vout, while the current through the inductor iLr drops lineally
to zero, since the output voltage is higher than the input voltage. This leads to a
negative voltage across Lr. This stage can be referred to Fig.3.15:
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3.4. Buck operation

−

+

Cin Rin Vin

Lr iLr

S3

S4

S2

S1

−

+

Cr

D2

D1

D3

D4

+

−
vout

i

iLr

i

Figure 3.15: Stage 2 (buck)

Similarly, this stage can be described as:
Lr

d iLr(t)
d t

= Vin

vCr(t) = Vout

(3.55)

Initial conditions:
iLr(t1) = I1

vCr(t1) = Vout

(3.56)

As before, Laplace direct and inverse transformation,mathematical substitution and
semplification are applied. The result is:

iLr(t) = I1 − ω0(t− t1)

vCr(t) =
1

Gbuck

(3.57)

Where I1 =
I1
Vin
Zr

. The phase shift is determined by ILr(t2) = 0, so:

ω04t21 = I1 (3.58)

And the state plane vector:

z2 =
1

Gbuck

+ [I1 − ω0(t− t1)] (3.59)

Stage 3 [ t2, t3]

At t2, the switch S1 is on and S2 is off. As the current becomes 0 at the end of
the second stage, the diodes D3 and D4 are reverse biased, so there is no current
through Lr. The voltage across Cr remains as in stage2. In this stage, no current is
circulating in the circuit. The equations are:

iLr(t) = 0

vCr(t) = Vout

(3.60)
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3.4. Buck operation

Resulting in:
iLr(t) = 0

vCr(t) =
1

Gbuck

(3.61)

The end of this switching stage is half of the whole switching cycle, which means
ω0t3 = π. So:

ω04t32 = π − ω04t21 − ω04t10 (3.62)

The vector:

z3 =
1

Gbuck

(3.63)

Stage 4 [ t3, t4]

In this stage, at time t3 the switch S2 turns on and S1 turns off. The diode D4 is
forward biased while D3 reverse biased. The resonant capacitor is discharged, so
the voltage across it drops from Vout to 0. At the same time, the current through
the inductor increases from 0 to I1 another time. The operation of the converter is
similar the first stage. This stage can be referred to Fig.3.16.
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Figure 3.16: Stage 4 (buck)

The stage equations are:
vCr(t)− Lr

d iLr(t)

d t
− Vin

iLr(t) = −Cr
d vCr

d t

(3.64)

with initial conditions:
iLr(t3) = 0

vCr(t3) = Vout

(3.65)
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3.4. Buck operation

Resulting:
iLr(t) = − 1

Gbuck

sen(ω0t)

vCr(t) =
1

Gbuck

− [1− cos(ω0t)]

(3.66)

Duration:

ω04t43 = π − arcos( Gbuck

GBuck − 1
) (3.67)

And vector:

z4 = 1 + cos(ω0t)− ı
sen(ω0t)

Gbuck

(3.68)

Stage 5 [ t4, t5]

At t4, the switch S1 is off and S2 is on. The stage 5 behaves exactly as the second
stage, except for the initial conditions (3.69). As can be seen by the Fig.(3.17), the
diodes are conducting. The resonant inductor is linearly discharging until 0; at this
point, the diodes D3 and D4 block and the stage ends.
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Figure 3.17: Stage 5 (buck)

Initial condition:
iLr(t5) = I1

vCr(t5) = 0

(3.69)

So: 
iLr(t) = I1 − ω0(t− t4)

vCr(t) = 0

(3.70)

Duration:

ω04t54 = I1 (3.71)

And the state plane vector:

z5 = [I1 − ω0(t− t4)] (3.72)
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3.4. Buck operation

Stage 6 [ t5, t6]

At t5, the switch S1 is off and S2 is on. The current in the resonant inductor is 0 and
there is no voltage across the resonant capacitor. Thus, in this last stage there is no
current through Lr and no voltage across Cr. Therefor:

iLr(t) = 0

vCr(t) = 0

(3.73)

The end of this last stage is the end of the whole switching cycle. So:

ω04t65 = π − ω04t54 − ω04t43 (3.74)

The vector:

z6 = 0 (3.75)

3.4.2 Summary of the switching strategy (buck)

As before, the waveforms of the voltage and current are plotted according to the
switching signal. The results are shown in Fig.(3.18). The relation to control the
boost operation is expressed in the eq.(3.76) and it is obtained in par.(3.5.4).

Gbuck =

√
Rin

fs
2πf0Zr

(3.76)

Neither in this operation mode, at turn-on and turn-off, the voltage and current
waveforms of the switches have no overlap, this means there is no switching loss.
The soft switching properties are maintained. Therefore, this converter is soft-
switching.
The behavior of the resonant tank is exactly the same of the boost analysis.

Figure 3.18: Converter buck waveform analysed with ideal components
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3.5. Parameterized analysis

3.5 Parameterized analysis

To design and size the converter, the input/output current and power should be cal-
culated. The relative dependence of the output stage on the input stage should be
analyzed since they are mandatory information for the operation of the converter.

3.5.1 Output current and output power (boost)

Output current

The average output current ioutAV G can be calculate [26] as the sum of the integral
of the current function of the topological time steps4t12,4t34 and4t45:

ioutAV G =
1

Ts
[

∫ t2

t1

iLr(t)dt+

∫ t4

t3

iLr(t)dt+

∫ t5

t4

iLr(t)dt] (3.77)

Then, normalizing with the same parameter of before the parameterized integral is
derived:

ioutAV G =
1

Ts
[

∫ t2

t1

iLr(t)dt+

∫ t4

t3

iLr(t)dt+

∫ t5

t4

iLr(t)dt] (3.78)

Substituting (3.20),(3.31) and (3.37) into (3.78):

ioutAV G =
1

Ts
{
∫ t2

t1

[I1 − (G− 1)ω0(t− t1)]dt+

∫ t4

t3

[−sin(ω0t)]dt+

+

∫ t5

t4

[I1 − (G− 1)ω0(t− t4)]dt}
(3.79)

Considering the inductor current waveform (3.11) and the phase shift (3.14) at Stage
1, the parameterized maximum current value I1 can be obtained:

I1 =
√

1− (1−Gboost)2 (3.80)

Taking the resonant capacitor voltage vCr (3.11) and the initial and final condition
at Stage 1:

vCr(t) = 1− cos(ω0t)

vCr(t0) = 0

vCr(t1) = Gboost

(3.81)

The relation cos(ω0t10) = −Gboost is defined. The same can be done for Stage 4.
Substituting these relations into (3.79), the final equation of the parameterized av-
erage output current ioutAV E is found:

ioutAV G =
µ0

2π

Gboost

(Gboost − 1)
(3.82)
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3.5. Parameterized analysis

where µ0 is the frequency ratio:µ0 = fs/f0.
The current in output iout is equal to the current through the diode D1. The wave-
form is represented in Fig.(3.19) below:

Figure 3.19: Output current waveform

The eq.(3.82) is represented in the following Fig.(3.20) in order to see the de-
pendency of ioutAV G on the frequency ratio µ0 and the gain Gboost:

Figure 3.20: Output current dependency on frequency ratio and gain

It shows the tendency of reducing the output current to increase the gain for a
certain µ0 value.

Output power

Since the output voltage approximately does not change during one switching cycle,
the average output power could be calculated directly by multiplying the average
output current with the output voltage; this leads to the following equation:

PoutAV G =
µ0

2π

Gboost2

(Gboost− 1)
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3.5. Parameterized analysis

Figure 3.21: Output power dependency on frequency ratio and gain

Similarly, as shown in Fig.(3.21), for a certain value of µ0, to increase the output
power, the voltage gain should be reduced.

3.5.2 Converter voltage gain (boost)

To ensure the converter to work under the studied topology, some limitations should
be setted. The input voltage Vi should be lower than the output voltage Vout, oth-
erwise the two diodes D1 and D2 are forward biased. The requirement for a boost
converter is also G > 1.
So,analyzing the duration of the first topological step, when the gain is equal to 2:

ω0t10 = π − arcos ( G− 1 ) = π

This means that the stages 2 and 3 as well as the 4 and 5 doesn’t exist anymore.
The converter operates in stage 1 in the first half switching cycle; the current flows
through S4 andD2 charging the resonant capacitor and then it operates in stage 4 for
the second half switching cycle; the current flows through S3, D1 and the load, so
the resonant capacitor is discharged. In this case, the inductor current iLr behaves
as a sine wave in each half of the switching cycle. It increases from 0 to a certain
value I1 and then drop to zero again when ω0t = π.
At this point, the resonant capacitor has just been charged until the output voltage

Vout, which means Vin =
Vout

2
, so this is the minimum possible value of Vin. More-

over, for voltage values higher than 2Vin the diode D1 would always be in reverse
bias.
Therefore the maximum gain of this converter under this operation topology is lim-
ited to 2. In conclusion, the gain is limited to the range:

1 < G < 2 (3.83)

Assuming the output voltage approximately constant, a constant load resistance
Rout and reviewing the equation of the average output current:

Vout = RoutioutAV G (3.84)
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3.5. Parameterized analysis

Using the resonant impedance Zr to parameterize Rout, the following ratio can be
found:

rout =
Rout

Zr

(3.85)

So:
G = routioutAV G

Substituting the relation between gain and frequency to control the operation is
found:

G =
µ0

2π
rout + 1 (3.86)

In addition to this, in order to keep the soft switching properties of this converter,
the switching frequency should not exceed the resonant frequency, which means:

fs ≤
ω0

2π
(3.87)

This results in:
0 < µ0 < 1

Figure 3.22: Dependency of the output parameterized resistance rout on frequency ratio
and gain

It is clear from the Fig.(3.22) that, in order to reach the maximum gain G = 2 ,
the minimum value of rout is 2π. So:

rout > 2π

Underlining also that for a constant load and input voltage, the output voltage
changes linearly with µ0.
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3.5. Parameterized analysis

3.5.3 Input current and input power (buck)

Input current

As for the boost, the average input current iinAV G can be calculate as the sum of the
integral of the current function in the topological time steps 4t10,4t21, 4t43 and
4t54:

iinAV G =
1

Ts
[

∫ t1

t0

iLr(t)dt

∫ t2

t1

iLr(t)dt+

∫ t4

t3

iLr(t)dt+

∫ t5

t4

iLr(t)dt] (3.88)

Then, normalizing with the same parameter of before the parameterized integral is
derived:

iinAV G =
1

Ts
[

∫ t1

t0

iLr(t)dt+

∫ t2

t1

iLr(t)dt+

∫ t4

t3

iLr(t)dt+

∫ t5

t4

iLr(t)dt] (3.89)

Substituting using the inductor current equations of the buck analysis of the required
stages:

iinAV G =
1

Ts
[

∫ t1

t0

(1−G)sen(ω0t)dt+

∫ t2

t1

I1 − ω0G(t− t1)dt+

+

∫ t4

t3

(−Gsen(ω0t))dt+

∫ t5

t4

I1 − ω0G(t− t4)dt]

(3.90)

Proceding with the same analysis used for the boost resolution, the final equation is
found:

iinAV G =
µ0

2π

1

Gbuck

(3.91)

The current in input iin is equal to the one through the resonant inductor. The
waveform is displayed in the Fig.(3.23) below:

Figure 3.23: Input current waveform

The Fig.(3.24) shows the dependency of iinAV G on the frequency ratio µ0 and
the gain Gbuck:
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3.5. Parameterized analysis

Figure 3.24: Input current dependency on frequency ratio and gain

As before, it shows the tendency of reducing the input current in order to in-
crease the gain for a certain µ0 value. The converter is able to provide a quite higher
current input at low Gbuck (it means high voltage difference).

Input power

The average input power PinAV E is calculated as before; multiplying iinAV G for the
parameterized input voltage Vin. It results:

PinAV G =
µ0

2π

1

Gbuck

Also in this case, the PinAV E is directly proportional to µ0 (Fig.3.24); this means
that to increase the power in input, µ0 should be increased.

3.5.4 Converter voltage gain (buck)

A similar analysis and some other limitations should be set to ensure the converter
to work under the studied topology. Also under buck operation the input voltage Vin
should be lower than the output voltage Vout, otherwise the resonant capacitor isn’t
charged. The requirement also necessary for a buck converter is 0 < Gbuck < 1.
Analyzing the duration of the first topological step, when the gain is equal to 1

2
:

ω0t10 = arcos
(

Gbuck
1−Gbuck

)
= π

As before, this means that the stages 2 and 3 as well as the 4 and 5 doesn’t happen
anymore. The converter operates in stage 1 in the first half switching cycle; the
current flows through S1 andD3 charging the resonant capacitor and it operates as in
stage 4 for the second half switching cycle; the current flows through S2,D4 and the
input load Rin, so the resonant capacitor is discharged. As for the boost operation,
the inductor current iLr behaves as a sine wave in each half of the switching cycle.
It increases from 0 to a certain value I1 and then drop to zero again when ω0t= π.
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3.5. Parameterized analysis

At this point, the resonant capacitor has just been charged until the output voltage

Vout, which means Vin =
Vout

2
, so this is the minimum possible value of Vin, as it

was for the boost analysis. Therefore the maximum gain of this converter under the
buck operation topology is limited to the range:

0 < Gbuck < 0.5 (3.92)

In addition to the considerations above, the resonant operation required that the two
switches S1 and S2 work complementary, it means with a duty cycle D equal to 0.5.
Considering the gain definition for a buck converter:

Gbuck = D (3.93)

the maximum possible gain is set at the same value.
As for the boost, considering the input voltage approximately constant, a constant
load resistance Rin and reviewing the equation of the average input current:

Vin = RiniinAV G (3.94)

Use the resonant impedance Zr to parameterize Rin:

rin =
Rin

Zr

(3.95)

So:

Gbuck = riniinAV G (3.96)

Substituting (3.91) in (3.96):

Gbuck =

√
rin

µ0

2π
(3.97)

Considering, for the same reason of before, the maximum switching frequency
equal to the resonant one, it results: 0 < µ0 < 1

Figure 3.25: Dependency of the input parameterized resistance rin on frequency ratio and
gain
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3.6. Design Methodology

Appear clear from the Fig.(3.25) that, in order to reach the maximum gain
Gbuck = 0.5, the minimum value of rin is 1.5. So it should be:

rin > 1.5 (3.98)

3.6 Design Methodology

The design process of this converter followed this main steps:

1. Definition of the optimal gain range for both boost and buck operations;

2. Identification, through the parameterized analysis, of the optimal value for the
parameterized load r0;

3. Set the maximum allowable peak current (Ipeak) in the resonant inductor,
switches and diodes;

4. Choice of the switching technology based on the required resonant frequency
f0 due to the previous points;

5. Check the UC pack current capability over all the charge/discharge operation
of the system.

3.6.1 Optimal Gain Range

As already discussed, in order to keep the soft switching properties the maximum
possible gain for the boost operation mode is 1 < G(boost) < 2 and for the buck
operation mode is 0 < G(buck) < 0.5.
Taking into consideration the efficiency definition of the converter:

ηres.conv =
Pinverter

PUCpack

=
IinvVinv

IUCpackVUCpack

Considering:

1. The Vinv is substantially constant thanks to the battery pack operation ;

2. The main objective of the system is absorbing/releasing as much power/cur-
rent as possible in order to decrease the stress of the battery pack and guaran-
tee all the power required in acceleration;

3. Assume that the UC pack voltage is decreasing linearly during operations;

4. The maximum IUCpack is fixed by the ultra-cap limitation;

So, knowing the eq.(3.6.1)

VUCpack =
1

ηres.conv

IinvVinv
IUCpack
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3.6. Design Methodology

the minimum voltage value of discharge for the UC pack can be assumed. Thanks to
this consideration, the VUCpack should not drop under a certain level to not penalized
to much the operation during charge: lower voltage means higher current at storage
side and it leads to lower value of current in output in both supply/regeneration op-
eration; in other words, at low UC voltage it is releasing/accepting less current; so,
despite the UC could be ideally discharge until 0 V, this analysis that involve just
the average currents is not enough to correctly state the minimum possible voltage
of the UC pack.
In par. (3.6.6) an additional test about the peak current values is performed in order
to properly choose VUCpackmin .
In the light of these considerations and remembering the gain limits on boost eq.(3.83)
and buck eq.(3.92) modes, the reasonable way to carry on an optimal dimensioning
procedure is to rely on boost operation analysis because it is possible to keep the
resonant advantages as far as the half of the nominal voltage of the UC pack; in-
stead, the buck resonant advantages could cover just a smaller fraction of operation
voltage: from half the nominal voltage to VUCpackmin .

3.6.2 Limit value for r0

At this point, the minimum value of r0 in boost operation mode, in order to keep the
soft switching properties of the converter, is taken. From the parameterized analysis
carried on in par. (3.5.2) results:

rout > 2π

3.6.3 Component constraints

To carry on the analysis, at this step, some simulations were performed in order
to estimate the stress for the main components as switches, diodes and overall for
the resonant inductor and capacitor that are the most critical ones in terms of di-
mensions. The UC current capability was checked as well as the current and the
over-voltage in each component.
As result of this analysis the resonant frequency f0 was set on the base of the choice
of the switches technology.

3.6.4 Sizing of the Resonant Tank (Lr, Cr)

The nominal voltage VUCnom is defined as
VUCpack

Gboost

, where the Gboost = 2, that is

the maximum admitted, is choosen: the reason is to allow the converter to work in
a resonant way for half the voltage rate and then operate at the designed point as
a normal boost converter (switching simultaneously S3 and S4) for the remaining
usable energy. Its behavior is reported in Fig.(3.26):
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3.6. Design Methodology

Figure 3.26: Resonant Converter in Boost nominal operation

Using now the following formula, the value of the resonant impedance can be
found:

Zr =
VUCnom

Ipeakinductor
(3.99)

Considering now the definition f0 =
1

2πω0

, the resonant impedance Zr =

√
Lr

Cr
and the resonant angular frequency (3.5), it is possible to define:

Lr =
Zr

2πf0
Cr =

1

2πZrf0
(3.100)

3.6.5 Switching frequency (fs) selection

The switching frequency for the boost operation mode is selected using (3.86) and
(3.82) as:

fsboost =
G− 1

RoutCr

(3.101)

Instead, the switching frequency for the buck operation mode is delected using
(3.97) and (3.91):

fsbuck =
G2

buck

RUCpackCr

(3.102)

Where RUCpack is the UC pack equivalent resistance.

3.6.6 Resonant Convert Limits and Sizing

Taking under control all the component and the project constraints already men-
tioned:
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3.6. Design Methodology

(3.6.2) rout > 2π

(3.6.1) IUCpack < Imax and Vuc > VUCminimumfordischarge

(3.99) Ipeakinductor < technology allowed values

• Vinv = constant

Combining these considerations:

IpeakLr >
2πVinv
Rout

(3.103)

This eq.(3.103) represent the most stringent requirement for the EV application

since VinvDC =
2
√

2

3

VlineRMS

Mi

(par.2.2.6; eq.2.12) should be approximately constant

during operation. Rout =
V 2
invDC

Pinv

, which represent the equivalent output resistance,

is very low.
This leads to a too high (inconvenient) minimum possible value for IpeakLr and so
to a not allowed current to the input of the UC pack (from Fig.(3.5) is it possible to
see that the the inductor current is the same of the one in input to the UC pack) .
In order to solve the problem the decision was to act following simultaneously two
paths:

1. Reduce the power capability of the converter;
A capability factor k is defined setting the maximum gain of the converter
Gboost = 2 and the maximum input current at the UC pack IUCpack = Imax as
reported in the eq.(3.104):

k =
IUCpack

VUCpack

Gboost

Pinv

(3.104)

So the capability of the system PKERS is defined by:

PKERS = kPinv (3.105)

2. Use more than one converter in interleaving mode [21] [22];
Assuming a reasonable number of converter (nresconv = 2), the power capa-
bility of each one become:

Presconv = k
Pinv

nresconv

(3.106)

This choice can halve the power capability of each converter while increasing
increasing the IUCpackpeak of a

√
2 factor: considering the waveform of the

current in the resonant inductor ILr in topological time step 1 and 4 in both
boost and buck mode (eq.3.8, eq.3.31, eq.3.52, eq.3.66), they are sinusoidal
waveform. The behavior of the inductor current in time step 2 and 5 (it hows
a linear shape) is approximated to a sinusoidal function because of the small
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3.6. Design Methodology

duration. A phase shift φ of π/2 is considered between the two converters, as
shown in Fig.(3.27):

Figure 3.27: Interleaving effect

The following equation correctly approximate the problem:

IUCpackpeak = ILrpeaksin(ω0t) + ILrpeaksin(ω0t+ φ) (3.107)

Checking the maximum point at t = π/4, the resulting peak current in the UC
pack is:

IUCpackpeak =
√

2IpeakLr (3.108)

Combining these two effects (eq.3.104; eq.3.106; eq.3.107) and considering P =
V 2

R
, it is possible to find the whole system capability value (k) that makes each

resonant converter respect all the constraints:

k =
IUCpackmaxV

2
invnresconve

2π
√

2VUCpackPinv

(3.109)

3.6.7 Sizing components results

Following the analysis performed above, the resulting values of resonant inductance
and capacitance are needed:

Lr 7.71× 10−7 [H]

Cr 8.21× 10−7 [F]

3.6.8 Summary of Buck operation limits

As already mentioned in the paragraphs above, the buck operation presents resonant
limits for the gain (3.92), for the maximum switching frequency ( µ0 = 1) and an
additional constraint due to the current capability of the UC pack. From the relation
(3.103) the parameterized inductor peak current is evaluated.
Moreover, sizing the converter under the boost optimal design mode performed
above, leaded to rin = 0.733. Checking the Fig.(3.25), it means that the maximum
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3.7. Resonant Converter Simulation

gain is limited to Gbuck = 0.34.
The working limits of current, gain and switching frequency are graphically under-
lined in the Fig.(3.24) reported below:

Figure 3.28: Current/ Gain/ switching frequency limits in buck opertions

An extra constraint can be set recalling the minimum voltage of UC pack for a
proper operation of the KERS system (par.(2.2.8)). The minimum operational gain
can be defined according to the eq.(2.22):

Gbuckmin =
VUCpackmin

Vinv
= 0.23 (3.110)

3.6.9 Additional operation consideration

The constraints in both boost and buck operations are deeply analyzed in the para-
graphs above. Due to those resonant limits underlined, a change in modulation
strategy between resonant and conventional PWM operation is required. This dou-
ble working mode, so called hybrid modulation, inevitably creates a transitory time
frame that should be managed by the control system. This type of modulation re-
quired usually a deep study that is not performed in this work.
In the PWM modulation also the effect of overlapping the switching period can be
analysed.

3.7 Resonant Converter Simulation

3.7.1 Model

The model for simulation is developed on Simulink using Simscape electrical mod-
ules and properties. The simulations is performed based on the data resulting from
the work reported above: in the Matlab environment the computational analysis is
performed and then the simulation is carried out in Simulink. The relevant informa-
tion about the simulation are:
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3.7. Resonant Converter Simulation

• DAE (Differential Algebric Equation) solver of Simscape;

• step size dt = 2e− 9 [sec];

• ideal switches, diodes, inductor and capacitors;

• tested along all the resonant gain span limits;

The lay-out used for the boost simulation is reported in Fig.(3.29). The switches
and the anti-parallel diodes are simulated by an IGBT mask.

Figure 3.29: Boost implementation on Simulink

The switching signal is created according to the triangular form function compared
to a reference signal as shown in Fig.(3.30).

Figure 3.30: Switching signal creation
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3.7. Resonant Converter Simulation

3.7.2 Results

The results of the simulation are aligned to the theoretical analysis and compelling
with the expectation: after an high initial peak in both boost and buck simulation,
that should be managed by a filter, the signals stabilizes (periodic steady state) and
they show the expected behavior.
In Fig.(3.31) the voltage and current values of the resonant tank, of one diode and
one switch are reported.

Figure 3.31: Boost simulation

In the first graph of Fig.(3.31), the ability of the converter to reach Vout and
the stability of the solution at nominal operation of Gboost = 2 is reported.In the
second graph of the Fig. above, the current though the resonant inductor and the
voltage across the resonant capacitor are shown. The third and the forth graph of
the Fig.(3.31), displays the current and voltage behavior through respectively the
diode D1 and the switch S3. The ZCS (Zero Current Switching) can be clearly seen
when looking to the instantaneous values of the voltages and currents of the active
switches. This means that in this ideal simulation the switching losses are null and
that the soft switching properties of the resonant converter are kept. Thanks to this
consideration, for a real implementation it is reasonable to expect very low power
losses (just due to conduction resistance) also at high switching frequencies.
Instead, Fig.(3.32) shows the buck simulation results. As discussed in par.(3.6.8),
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3.7. Resonant Converter Simulation

the simulation is performed at the maximum resonant gain Gbuck = 0.3. As ex-
pected by theoretical limitations, the charge and discharge time of the resonant in-
ductor is equal to the semi-period. This confirms the limitations of the resonant
operations. As for the boost simulation, in the third graph the commutation in soft-
switching can be seen looking to the instantaneous values of the voltage and current
of the represented switch S1 that are 0: this means that the soft switching properties
are kept also in buck operation mode.

Figure 3.32: Buck simulation

The maximum values of the voltage and the average values of the current, applied
to the switches and the diodes are displayed here:

Boost mode

S1 S2 S3 S4 D1 D2 0 0

Vmax 0 0 110.85 110.85 111 111 0 0 [V ]

IAV E 0 0 9.1 9.1 9.1 9.1 0 0 [A]
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3.8. Data and Symbols

Buck mode

S1 S2 S3 S4 D1 D2 D3 D4

Vmax 111 111 0 0 0 0 111 111 [V ]

IAV E 14 14 0 0 0 0 32.7 32.7 [A]

This values are computed at the nominal operation of the boost mode (dicharge of
UC pack) with Gboost = 2 and at the maximum conditions, for the sizing choices of
the converter, for the buck mode (charge of the Uc pack) with Gbuck = 0.3.

3.8 Data and Symbols

The data reported below are used to run the simulation.They are assumed based on
ideal components implementation.

Switches
Resonant frequency f0 200 [kHz]
Snubber resistance Rsnubber 10× 105 [Ω]
Internal resistance Rons 10× 10−5 [Ω]
Snubber capacitance Csnubber inf [F]

Nominal set-up
Nominal boost gain Gboost 2
Number of res. converter nres.conv 2
Parameterized output resistance rout 2π

Instead, the following values result from the analysis reported in this chapter. They
can be used to properly choose the physical component needed to build the sys-
tem(the components choice is not discussed yet).
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System design values
System capability k 16 %
Res. converter power capability Pres.conv 1.0122 [kW]
Equivalent res. converter output resistance Rout 11.18 [Ω]
Inductor peak current ILrpeak 57.27 [A]

Converter components
Resonant impedance Zr 0.9694 [Ω]
Resonant inductor Lr 7.71× 10−7 [H]
Resonant capacitor Cr 8.21× 10−7 [F]
Resonant angular frequency ω0 0.1256× 106 rad/s

Nominal operation
Nominal boost switching frequency fsboost 100 [kHz]
Equivalent res. converter input resistance Rin 0.411 [Ω]

Buck operation
Parameterized input resistance rin 0.733
Buck gain Gbuck 0.3
Buck switching frequency fsbuck 154.2 [kHz]
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CHAPTER4
Conclusions

At the end of this work, the project of the EV to compete in the FSAE electric is still
in the preliminary phases. The requirements about the storage, the motor and the
current / voltage parameters have been defined. The construction of the prototype,
based on the results of this thesis and others research regarding the vehicle mechan-
ical structure, is scheduled for the months ahead. The first tests of the vehicle are
expected within the end of this year.

Regarding the performed analysis in Chap.2, it shows that the vehicle is able to ac-
complish to the requirements of the dynamical tests of the Formula SAE electric.
The simulation clearly confirms the correct sizing of the storage system: the vehicle
ends the endurance test with still half of the energy stored in the BP; this ensure a
good safety margin for the real operation in which the prototype could exploit all
the motor power and not just the nominal one as implemented in this work. As
expected, the Li-ion cells charge and discharge according to the theoretical imple-
mentation, respecting the current and voltage operational constraints on the inverter
DC side. Instead, the KERS operation is strongly influenced by the state of charge
of the UC pack that is disconnected under a certain voltage value to ensure a proper
operability of the whole system. Finally, the prototype is not able to follow the
provided speed profile because of power limitation to the nominal motor values.
Higher speed can easily be achieved by exploiting the full power.

The second objective of studying and sizing a resonant converter to manage the UC
pack is deepen in Chap.3. The theoretical analysis displays the full capability of
the resonant converter to operate under soft-switching properties in both directions.
Then, the limitations due to the high current EV application, pushed the analysis to
correctly sizing it. The interleaved solution combined with the introduction of the
capability factor shows the expected result of reducing both the peak current in the
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resonant inductor and the input current to the UC pack. The result can improve fur-
ther by adding more resonant converter. The findings suggest that the assumptions
of compactness and low weight of the converter can be achieved and that the UC
can co-work with the BP. Nonetheless, the converter is not able to fully exploit the
peculiarity of fast charge/discharge of the UC. Anyway, the ultra-caps technology
implemented in the model, without the converter constraint, remains an interesting
asset to get the maximum advantage from the regenerative braking. For this reason
the study of other converters technology is surely interesting for combined Li-ion
and ultra-caps EV as well as the research of the best number of these resonant con-
verter in a volume, weight, cost and capability optimization problem.
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CHAPTER5
Attachments

Figure 5.1: UC data-sheet
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Figure 5.2: Simulink model lay-out
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FOLHA DE DADOS
No.:  220567/2015

Data:  23-NOV-2015

Cliente :  

Linha do produto :  Motor Especial

Escorregamento :  2.67 %

Corrente nominal :  120 A
Corrente de partida :  0.000 A
Ip/In :  
Corrente a vazio :  85.0 A
Conjugado nominal :  13.1 Nm
Conjugado de partida :  0 %

Classe do isolamento :  H

Tempo de rotor bloqueado :  3 s (quente)

Altitude :  1000 m

Forma construtiva :  B14T

Massa aproximada* :  17.0 kg

Rolamento
Interv. lubrif. ----- -----
Quant. de graxa ----- -----
Graxa - MOBIL POLYREX EM

100% 0.66 85.8
75% 0.57 85.0
50% 0.42 81.5

ulo e para motor alimentado por rede senoidal, suje

norma ABNT-NBR 17094-1.

o dos motores.

Executor
fcousillas No.: 0 Data: 23-NOV-2015

Figure 5.3: Motor data-sheet
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Figure 5.4: Motor 2D
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